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By Guy RoGer CLEMENTS. 


This paper will be devoted to a detailed study of the transformation 
T: z= f(u, v), to g(u, v), 

(a) f(u, v) and ¢g(u, v) denoting functions of the complex variables u 
and v, singlevalued and analytic throughout a neighborhood R of 
u=0, v=0; 

(6) f(0,0) =0, (0, 0) = 0; 

(c) J(u, v) = fugo —fovu + 0, J(0, 0) = 0. 

To any point (u, v) of 2 there corresponds, under 7, one and but one 
point (x, y) of the zy-space. The totality of points (zx, y) which thus 
correspond to points (u, v) of R constitute a finite region R of the zy-space. 
In general more than one point (u, v) will yield the same pair of values for 
zandy. We shall count a point (z, y) but once, thus regarding it as com- 
pletely characterized by its codrdinates, and shall seek an inverse trans- 
formation _ 

u=f(r,y), v= ¢(z,y), 
which will put in evidence all those points (u, v) of R which correspond 
under T to any point of R with codrdinates (2, y). Thus the functions 
F(x, y) and Z(z, y) are to be defined only in the points of R and there as 
singlevalued or as multiple-valued functions. 

We shall distinguish two types of neighborhood. 

If x1, %2, ---, 2, denote n independent complex variables, any region 
which constitutes at least the totality of all points (x1, 2, +--+, %n) for 
which 

lay — a| < «, \to — Qo| < €& ++ s, tn — An| < «€, 
for some ¢ > 0, is called a complete neighborhood of the point (a1, a2, +--+, Qn). 
Any region which satisfies the conditions that 


(1) for every ¢ > 0, it contains points (1, x2, ---, 2,) for which 
lt) — a,| <, lt. — do! < €, tesy tn — An| < €, 
(2) for no e€ > 0 is every point (x, 22, «++, tn) for which 
lay — ay| < «, lao — ao| < ¢, res, ltn — an| < «€, 


a point of the region, 
is called a partial neighborhood of the point (a1, a2, +++, Gn). 
~ * The results of this paper were in part announced in the Bulletin of the American Mathe- 


matical Society, 2d Series, Vol. XVIII (1912), pp. 454-456. 
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For iiaibtioen of simplicity the neighborhood of the point (0, 0, ---, 0) 
is corisidered throughout this paper. In what follows the cmnuliiied we 

+ neighborhood is used to mean complete neighborhood. R of the transfor- 
; "mation T is a complete neighborhood. 









2. Factoring. 





A transformation can often be factored to advantage, that is, be replaced 
by the succession of two or more transformations each of which is simpler or 
better understood than the given one. We illustrate with a very useful 
example: 
os x= h*, y = h"(g? + 0c), 









where h = h(u, v), g = g(u, v) are single-valued and analytic functions of 
u and v in the point (0, 0) and vanish there, where m, n, p are positive in- 
tegers and where c is a constant. ¢ is equivalent to the n + 4 transforma- 
tions: 







Uy = h(u, v), Uo = g(u, v), 














uy Uo, = Up", 
























Us = Uy, Vo = U,V), 

Un+i = Un, Un+1 = Unvn, 

Un+2 = Uns, Un+2 = Un+1 + CUn41" 
LX = Uno”, Y = Unio. 


This makes use of the two types 
r: £=Uu, y= w; and 8: r=Uu, y = v", 


which we shall discuss in detail. We note that each is wholly independent 
of the coefficients of t. The only other factor which is not surely one-to-one 
and analytic both ways is 


(1) Up = h(u, v), Uo = g(u, v). 


We can retrace our steps, build one inverse on another and thus get 
a picture of uw, and vp as functions of x and y, and of the relations between 
their regions of definition. If the inverse of (1) can be found, the entire 
inverse can be built up and the solution is complete. 

We examine the auxiliary transformations r and s. 


: r= U, y = w; J =u, 


For definiteness in the geometric image consider first the special case 
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that wu and v have only real values. Let R be the region bounded by the 
lines u = + 1,v= +1. The corresponding region R in the zy-plane is 
bounded by the lines x = + y, x = = 1; any line v = au goes over into 
the parabola y = az. To the locus u = 0 corresponds the point xz = 0, 
y = 0 and conversely. That is, the inverse of r explodes the point z = 0, 
y = 0 into the line segment u = 0 of R. There is no point in R for which 
x=0, y +0. To every point of R other than (0, 0) there corresponds 
one and but one point (u, v) of R determined by the relations u = 2, 
v = y/x. The right members of these equations are single-valued and an- 
alytic at every point of 2 except at the origin where we have seen geometric- 
ally what is happening. 
For the less simple transformation 


yr’: ZL = &, y = uv, J = x", 
the discussion is the same except that R is bounded by the curves 
y= +2",x = +1. Further, 7’ is equivalent to r repeated n times. 

To see the analogous results when wu and v are allowed complex values 
let the definition of R be |u) <1, |v} <1. Then since |z| = |ul, 
'y| = |u| - lvl, it is evident that the circles |u|) = 1, v = 1 go over into 
the circles |z! = 1, |y| = 1, and that if a point in the z-plane be marked 
inside this circle |x| = 1, then a corresponding point y must be chosen for 
which y is less in absolute value that this x if the resultant point (z, y) is 
to be a point of R. This shows that R is only a partial neighborhood of 
the origin. It follows as for the case of real variables above that the 
inverse is well defined, single-valued and analytic in every point of R 
except the origin and that the origin has an infinitely many-valued inverse 
u=0,v =v. 

8: z= U, y = v", J = nv™', 

Let R be defined by |u| < uo > 0, |v} <u > 0. Take any point (u’, v’) 
of R and let (x’, y’) denote its image in R. There are n points (u, v) of R 
which have the same image (z’, y’), namely those for which u = w’, v 
equals the product of v’ by any one of the nth roots of unity. Hence con- 
versely to a point of R with codrdinates (x’, y’) there correspond n distinct 
points (u, v) of R, the relationship being defined by the equations 


lin 


u= 2, v= y'". 


y'" is an n-valued continuous function of x and y whose branches come 


together in z = 2, y = 0. 

Since we shall use power series freely, the definition |u| < wo, |v) < v9 
for R is the one of practical use for this paper. For the problem immediately 
in hand however, we might have taken the u-space arbitrarily and for the 
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v-space any region which goes over into itself when rotated about v = 0 
through an angle 27/n. For any other region the inverse would be in 
part n-fold, in part less than n-fold. ; 






3. The Factoring of 7. 





Subject to a suitable choice of notation, every transformation T is of 
one of the two following mutually exclusive types: 

(A) neither f(u, v) nor ¢(u, v) is a factor of the other in the point (0, 0); 

(B) o(u, v) = f(u, v)"[C + g(u, v)], where n is a positive integer, where 

C is a constant, and where g(u, v) is a single-valued and analytic 
function of u and v in the point (0, 0) and vanishes there. 

We shall consider any transformation 7 to be completely factored when 
it is replaced by a transformation of type A combined with those which 
are one-to-one and analytic both ways, and with r and s of section 2. 

Type B is the special case of the transformation ¢ for which m = 1, 
p = 1. Consequently a first factoring is: 















Uo = f(u, v), Uo = glu, v); 





bi: Uy = Uo, Vv, = Utd; 




















mt Un = Un-1, Un = Un—-Wn-1; 
€: XL = Un, y =v, + Cu,". 
c is one-to-one and analytic both ways; bi, ---, b, are the transformations 


r of the preceding section; if a is one-to-one and analytic both ways or is 
of type A, the factoring is complete. 

If a is again of type B the process must be repeated. We show that 
complete factoring is always attainable in a finite number of steps. To see 
this, we consider the series form for f(u, v) and for ¢(u, v), first finding a 
normal form for f(u, v). Let 


f(u, v) = ao(u) + ay(u)v + a2(u)v? + +--+, 


where we may assume without essential restriction that ao(w) is not iden- 
tically zero, since we could always secure this by a proper linear transforma- 
tion on u and v. Suppose 


au) = b,u™ + bnyiu™*! + ---, ban +0, 


and make the change of variable 








Ur = UVdm + bmp iu +--+, 1 = 2, 


a transformation one-to-one and analytic both ways. We denote its inverse 
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by u = h(u,), v = 0, whence 
f{h(u), v,] _ u,™ + A,(u;)r) a A2(u;)v;? oe +e 


We assume that f(u, v) has this normalized form and consequently 
have before us 


(2) f(u, v) = u™ + Ai(u)v + Ao(u)e? + ---, 


(3) g(u, v) = Bolu) + Bi(u)v + Bau)? + ---, 
where 
(4) By(u) = b,u? + bp 14?t! - oy 


Perform as many times as possible the process of factoring powers of 
f(u, v) out of ¢(u, v) as indicated in the identity: 


(5) ola, 0) = SIC + SACs + $IMCeF gales 0) =} 
oo Cif™ + Cf™t™ + ae + Cyfrrterrne  frrtertnig, (u, v) 


(6) = F(f) + f*gx(u, v), 
where C,, Co, ---, C;, are constants which, with the possible exception of C;, 
are different from zero, where n;, m2, +--+, nN; are positive integers whose 


sum is N, where F(f) is a polynomial in f of degree not greater than N, 
and where g,(0, 0) = 0, but f(u, v) is not a factor of g,(u, v) in the point 
(0, 0). 

To compute the coefficients C; of F, assume for g;,(u, v) a formal ex- 
pansion do(u) + d,(u)v + d.(u)v? + ---, and combine this with (2) and 
(5) to derive 


(7) glu, v) =C,[u™+As(u)v+- + Jet ---+C. [uw "+ Ai(u)u+- + -]ritertne 
+[u™ + Ai(u)ot ---]™rtne[do(u)+di(u)e+ ---] 
= Cum + Coumrrtn) oe + Cpuntet") 4+ higher powers of 
u + terms involving v also. 


Compare (3) with (7) and equate the coefficients of like powers of u in the 
terms involving u alone. This gives 


(8) C; = Orninrtart  +ny)y t — 1, 2; ie k. 


Dn 

But >> b,w’ is absolutely and uniformly convergent, and consequently, for 
j=l 

any N, F(f(u, v)) is single-valued and analytic in a suitable neighborhood 


of the origin. It follows next that the difference of two analytic functions, 


f*gi(u, v) = glu, v) — F(f), 











’ 
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is likewise analytic in this same region. Consequently we may write the 
transformation 7’: 


F(f) + frgx(u, v), 


xz = f(u, v), y = ¢(u, v) 
whence we have formally 
J(u, v) =fuge —fegu =F Suger — SeGuu)- 


This, together with the hypothesis that J(u, v) = 0, establishes two things: 
(1) N is not greater than the greatest power of f(u, v) that is contained as a 
factor in J(u, v), therefore N is finite; (2) J(f, g.) # 0 and hence, in par- 
ticular, g,(u, v) is not a constant. In the identity (5), 1 = k = N, hence 
g.(u, v) is the result of finite processes of the sort there indicated, and is 
therefore single-valued and analytic at the origin. 

The following factoring for T is now apparent: 





Uy = flu, v), Yo = gx(U, v), 
uy = Uo, vy = Uy" *Uo, 


Us = U4, ve = vy + Cpu", 


Usi—1 = U2k—2, Vor—1 = (U2n—2)"V2n—2, 
L = Uck-1, Y = Very + Cy(Uo yy)", 
where, as we have seen in section 2, any transformation 


Usiz1 = Uri, Veiga = (U2;)"* "V2; 


is equivalent to n,_; transformations of the type x = u, y = ur. 

If g,(u, v) is not a factor of f(u, v) in the point (0, 0), the factoring of 
T is complete. If g.(u, v) is a factor of f(u, v) in this point we must further 
factor 
a: Uy = f(u, v), Vo = gy (U, v). 


The Jacobian J(f, g,) can not be identically zero in R, hence all the previous 
discussion for Case B is valid for the transformation a. Corresponding 
to a in the factoring of 7 we shall have here a transformation 


Pi. \ 
a’: Vo = g.(u, v), Uy = f,(u, v), 





where g,(u, v) is not a factor of f,(u, v) in the point (0, 0). We must 
finally, in a finite number of steps, come to a transformation 


a’: U=Flu,r), V=Gu,»), 
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for which F(u, v) is not a factor of G(u, v) and G(u, v) is not a factor of 
F(u, v) in the point (0, 0). For suppose the Weierstrassian preparation 
theorem* gives 


f(u, v) =[w + avy + --- + ¢,(v)]C(u, v), 

gi(u, v) = [w* + d(v)ut* + --- + d,(v)]D(u, v), 
where neither C(u, v) nor D(u, v) is zero in R. If g.(u, v) is a factor of 
f(u, v) while f(u, v) is not a factor of g,(u, v), it follows that s is less than r. 
Similarly, if f,(u, v) is a factor of g.(u, v) and if 

fru, v= [ut + e:(v)ut? + --- + e(v)|E(u, v), 
then ¢ must be less than s which is less than r. Proceeding in this way, 
we see that we must in not more than r steps arrive at a transformation 
for which one of the Weierstrassian polynomials is of degree unity, unless a 


transformation satisfying the conditions of a’ is earlier obtained. For 
definiteness, suppose we have 


ul” =flu,v), v” = glu, v), 
flu, v) =[u+ A(v)]H(u, v), -H(0, 0) + 0, 


and where f(u, v) is a factor of g(u, v) in the point (0, 0). Applying the 
initial discussion for Case B (which is again valid since the Jacobian for 
this transformation can not vanish identically) we secure a transformation 


where 


Uo” = fu, v), Vo” a gj(u, v), 


where f(u, v) is not a factor of g;(u, v) in the point (0, 0). If g,(u, v) isa 
factor of f(u, v) in this point, it must also be linear in wu in the neighborhood 
of the origin, and f(u, v) and g;(u, v) must be equivalent. This is in direct 
contradiction to the fact that f(u, v) is not a factor of g;(u, v) in the point 
(0, 0). This establishes the existence of a transformation a’. We have 
therefore proved 

THEOREM 1. The transformation T can always be replaced by a trans- 
formation 


T’: U = F(u, v), V = G(u, v), 


where F(u, v) and G(u, v) are single-valued and analytic in the point (0, 0) 
and both vanish there, but where neither is a factor of the other in this point, 
followed by a finite number m of transformations of the form 


L= 4U, y = uw 
* Weierstrass, Abhandlungen aus der Funktionenlehre, p. 105; Goursat, Cours d’Analyse, 
vol. 2, Sec. 356; Bliss, Bulletin of the American Mathematical Society, vol. 16 (1910), p. 356; 
Maemillan, ibid., vol. 17 (1910), p. 116. 
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combined with not more than m transformations of the form 
r= u, y=v+cu". 


The transformation T’ either is one-to-one and analytic both ways or is again 
of type T. 
4. Case A. 


Because of the preceding section, the solution of our problem will be 
attained when we have a discussion of the nature of the inverse for Case A. 
In discussing Case A, we note that any transformation T is of one of the 
following two classes: 

(I) At least one element of the determinant J, say f,, is not zero at the 

origin. 

(II) Every element of the determinant J is zero at the origin. 

In considering Case IA we therefore have: 


3 x = f(u, v), y = ¢(u, v), 
where 
f.(0, 0) +0 


and where f(u, v) is not a factor of ¢(u, v) in the point (0, 0). 
This is the special case n = 2 of the following theorem:* The trans- 
formation 


X11 = fily, remy Yn)s Xo = f(y, hee, Yn), vey 2. = f(y, tee, Sad 
where 


(1) f; is a single-valued and analytic function of y;, ---, y, in the point 


(0, ---, 0) and vanishes there (¢ = 1, 2, ---, n); 
D(fi, +++, hn) 
JilYi, +++, Yn) = ores ta 0 when (y) = 0, 


(2) al DF in—2y So, sees fn) 


, ie ee .s— me ~~ - 
Im—1(Y1, °° *y Yn) Ti, ---. oe) 0 when (y) = 0, 
D(Fm--i, fo, +++, f 


n) oa 
D yi, +++) Yn) + 0 when (y) = 0; 


Jnl Yay acre Yn) = 
has an m-valued continuous inverse, defined throughout a complete neigh- 
borhood of (x) = 0. This inverse is analytic, with m distinct branches 
except along a complex (n — 1)-dimensional locus, where it is continuous 
and less than m-valued. Finally, (y) = 0 when (zx) = 0. 


*G. R. Clements, Bulletin of the American Mathematical Society, loc. cit., p. 454; Trans- 
actions, ibid., vol. XIV (1913), p. 341. 














; 
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T” evidently fulfills condition (1) of this theorem; to see that it also 
satisfies condition (2), make the factoring 
a: Uy = f(u, v), Vp = BV, 
b: r= W, y = P(uUo, Uo). 
The factor a is one-to-one and analytic both ways, with inverse 
u = h(uo, vo), Vv = 0. 


Since f,(0, 0) +0, f(u, v) is irreducible in R. (0, vo) #0, for if 
g[h(uo, vo), vo] is zero wherever uo = f(u, v) (irreducible) is zero, then 
g(u, v) admits f(u, v) as a factor contrary to hypothesis. Therefore 
(0, vo) = 0 and there is a first coefficient b,, in its series expansion, 


P(Uo, Uo) = >; bn (uo) v0", 


n=0 


which is not zero when uy = 0. The vanishing of J; in the point (0, 0) is 
invariant under the transformation a, therefore 


Ji(0, 0) = --- = Jm_i(0, 0) = 0, J (0, 0) + 0. 


Hence for this transformation IA there exists an m and a sequence of func- 
tions satisfying condition (2) of the theorem quoted above, and all the 
requirements of that theorem are fulfilled. Since the inverse can not be 
single-valued and analytic,* m must be an integer not less than two. This 
proves 

THeorEeM 2. If the transformation T satisfies the further conditions 


(1) fu(0, 0) + 0, 
(2) f(u, v) not a factor of ¢(u, v) in the point (0, 0), 
then, for the sequence of functions 


D(f, ¢) 
D(u, v)’ a, 


Df, Jn) 


Ji(u, v) = a a 


J nvi(t, v) = 


there exists an integer m = 2 such that 
Ji(0, 9) = +++ = Jn_1(0, 0) = 0, J»(0, 0) + 0, 


and for the transformation there exists an m-valued continuous inverse defined 
throughout a complete neighborhood of x = 0, y = 0. This inverse is analytic, 
with m distinct determinations except along a complex one-dimensional locus, 
where it is continuous and less than m-valued. Finally u = 0, v = 0 when 
x=0, y = 0. 


* Bulletin, loc. cit., p. 452, Theorem 1. 
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Further factoring for a special class of transformations [A is exhibited 
in the following theorem.* 

TueorEM 3. [f in the transformation of Theorem 2, Jm—1(u, v) ts a factor 
in the point (0, 0) of every J,(u, v) with smaller subscript, then T can be 
replaced by transformations one-to-one and analytic both ways, combined with 
one transformation of the form x = u, y = v™. 

Replace T by the factors 


a: Uo = f(u, v), Uo = 2, 


P(Uo, Uo). 


a t= Ud, y 









Up = U1, Up = Aol) + ay(ay)ey, 




















where dy and a; are functions to be determined. If 





D 


P( Uo, Uo) = >. bn (Uo) vo", 


n=vU 


formal substitution yields 


Plus, Ao(ui) + a,(uy)ri] = > bn + (ao + ayn)" = > dna" 


n—v 


x x 
C . . . 
(9) + ay, t nb,ao" + (a? 2)v;? >» n(n — L)ag™"* + --+ = P(uy, ao) 


n=0 a=0 
+ a, ®, (uy, ay)ty + ee) + (ay nb, (uy, Ao)uy" + eee. 


®, (Ui, Go) is single-valued and analytic in the point u,; = 0, ao = 0 
and vanishes there; and further has a derivative with respect to a) which 
is different from zero in this point. Consequently there exists a function 
ao(u;), single-valued and analytic in the point u; = 0 and vanishing there, 
for which 
P,, m-[U1, Ao(uy)] = O. 

Because of the hypothesis on the J,, ®,,.. is a factor of every partial de- 
rivative of @ with respect to a, of order lower than m — 1. Consequently 
this determination of ao(u;) requires that the coefficients of v,, «++, vy"? 
be also identically zero. If, therefore, we assign to a,(u;) an arbitrary 
analytic function of u; which does not vanish in R, the transformation ¢ 
is one-to-one and analytic both ways, transforms origin into origin and 
transforms ®(uo, v) into an analytic function 


(10) P(uy, ¥;) = Boluy) + Br(uy)oi™ + Bnoy(uyoym + 








where 
a,(u,)™ 
B,,(u,) =- nr! P, (Uy, Ao(U)), 
* Presented to the American Mathematical Society on October 26, 1912. 
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is not zero in R. That is, b becomes 
2 =U, y = Bo(u;) + B,(u)u™+ ---, Br(O) + 0. 
Make the transformation 
d: Us. =U, 02 = 0, VB, (U1) + Bnsi(usynr + ++; 
8: U3 = U2, v3 v.™: 
e: x= U3, y = By(us) + v3. 
Then, in symbols 
T=a-c'-d:s-e, tT ta g?*+gt-g*-¢-¢%. 


sis the only one of these transformations which is not one-to-one and analytic 
both ways. Hence the theorem is proved. 

If m = 2, the hypotheses of this theorem are satisfied identically.* 

We turn next to Case IIA, » »»rt of which is taken care of by the 
following theorem:} If in the tra. -vimation T, f(u, v) and ¢g(u, v) have 
no common factor in the point (0, 0), and if R be suitably restricted, then 
there exists an inverse, defined throughout the (complete) neighborhood of 
x=0, y = 0, everywhere continuous in that neighborhood, finitely 
multiple-valued but not single-valued, analytic except along a complex 
one-dimensional locus, and having the value u = 0, v = 0 when z = 0, 
y = 0. 

There remain those transformations of Case ILA for which f(u, v) and 
g(u, v) have a common factor in the point (0, 0). The origin is evidently 
an explosive point for the inverse; examples indicate that in any other point 
of R there exists a finitely multiple-valued inverse, the order of this mul- 
tiplicity being in general different in different sub-regions of R. I hope 
to give this theory more fully at a later time. 


5. Special Transformations. 


In section 2 we exhibited at least a partial factoring for any trans- 
formation in which either f(u, v) or ¢(u, v) is the integral power (greater 
than one) of an analytic function of u and v. The factoring there made 


* For this special case m = 2, the corresponding theorem for transformations in two and in 
three real variables has been given respectively by L. 8. Dederick, Harvard doctoral thesis (1909), 
“Certain singularities of transformations of two real variables,’ p. 124; and by 8. E. Urner, 
“Certain singularities of point transformations in space of three dimensions,” Transactions of 
the American Mathematical Society, Vol. XIII (1912), p. 257, Ex. a. The extension of Mr. 
Urner’s example 6 of which he says: ‘‘There seems to be no theorem in this case analogous to 
that stated in (a),”’ is found in my theorem 3. This case m = 2 was also discussed for a trans- 
formation in n real variables, by Mr. Dederick in the Transactions, Vol. XIV, p. 143. 

t G. R. Clements, Transactions, loc. cit., p. 328. 
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is complete for ¢ if it is complete for 
Uy = h(u, v), vo = g(u, v). 


In sections 3 and 4 we have shown that every transformation of Class I 
is completely factorable. An immediate corollary of these two facts is 
TuHeoreM 4. A transformation T which has the form 


x= f(u) =a,u" + anu"! a o°* (Ay + 0), 
y = ¢(u, v), 
can be replaced by two transformations, T = a - b, where 


a: Uy UNG, t+ Q,4;5u tee ty = ¢(u, v), 
b: r= u,", y = 0}. 


(a) has an inverse defined by analutic functions, or ts completely factorable. 
To illustrate the way in which the inverse can be built up for a trans- 

formation of type B which has been completely factored, we derive 
THEOREM 5. If the transformation T has the form 


r= f(u, v), y = [f(u, v)] "glu, v), 
where 
f.(0, 0) + 0, gi0, 0) = 0 
and where f(u, v) is not a factor of glu, v) in the point (0, 0), then to the point 
x = 0, y = 0, corresponds the locus f(u, v) = 0, and to any other point (x, y) 
(1) if fuge —figu +0 when u = 0, v = 0, there corresponds one and 
only one point (u, v), u and v being defined by functions of x and y, single- 
valued and analytic in this point; 
(2) of fudge —Segu = 0 when u = 0, v = 0, there correspond in general 
m points, m 22. The inverse is m-valued and analytic in this point unless 
it be on a certain complex one-dimensional locus, where it is continuous and 
less than m-valued. 
R is a partial neighborhood of the point x = 0, y = 0. 
A factoring is 
a: Uo = flu, v), r g(u, v), 


b: Z = Ub, Y = Ug"Uo. 
In case (1) there exists for a an inverse 


u = f(uo, Vo), _ ¢(Uo, Vo), 


defined by functions single-valued and analytic in the neighborhood of 
Uo = 0, v = 0. For 6 there exists the inverse up = z, v9 = y/x", single- 
valued and analytic in x and y in every point of R except the origin (see 
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section 2). Hence u and v are defined as single-valued and analytic functions 
of x and y in any point of R other than z = 0, y = 0. This point explodes 
into the locus 

Uo = f(u, v) = 0. 


In case (2), a satisfies the hypotheses of Theorem 2. Therefore a 
has a finitely multiple-valued (suppose m-valued) inverse defined throughout 
the complete neighborhood of uo = 0, vo = 0, analytic with m distinct 
determinations except along a complex one-dimensional locus D(uo, vo) =0, 
where it is continuous and less than m-valued. Further wu» and v are single- 
valued and analytic in x and y at every point (a, y) of R except the origin. 
Consequently the inverse defines u and v as in general m-valued and analytic 
in z and y in a point of R; in points of a complex one-dimensional locus, 
excluding the origin, the inverse ceases to be analytic but is continuous and 
less than m-valued; the point x = 0, y = 0, explodes into the locus 
S(u, v) = 0. 

Because of the nature of b, R is in either case the partial neighborhood 
of r=0, y= 0. 

We give the detailed discussion for a special case of type IIA. 

THEOREM 6. [If the transformation T has the form 


x = f(u, v) = Coou? + c,Uv + Cogd® + C3ou? + --- 
y= g(u, v) = dogu? + d,,uv + do.v” + d39u3 + -:- a 


where the terms quadratic in u and v are not identically zero for either f(u, v) 
or ¢(u, v) and where these quadratic terms have no common factor in the point 
(0, 0), then there exists a four-valued continuous inverse, defined throughout 
the complete neighborhood of x = 0, y = 0. This inverse is analytic, with 
four distinct determinations, except along a complex one-dimensional locus, 
where it is continuous and less than four-valued. Finally, u = 0, v = 0 
when x = 0, y = 0. 
Because of the hypotheses on the quadratic forms 


fe = Coot? + ¢,,Uv + Cov” 
and 
¢g2: = dogu? + dyyuv + dos”, 


it is always possible to secure from T by a linear transformation in x and y 
whose Jacobian is not zero, a second transformation 7” for which one of 
the quadratic forms involved is a perfect square while the second quadratic 
form is not a perfect square and does not admit the square root of the first 
form asafactor. Then by a linear transformation in u and v whose Jacobian 
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is not zero, this can be brought to the form 

/ 2 3 92 
r? x= f(u’,v’) =v” + cgou” + cxur’ + ++, 

/ 2 ee 2 13 

y = ¢g(u’, v’) = doou”™ + diw’e’ + dow” + dsou” + ---, 

where doy + 0, di}; + 0, doo + 0. Of course f, ¢, the c’s and d’s have a 
different definition in 7” than they have in 7 of the theorem. The Jacobian 
for T’ is 
(11) J =-- Adogu'v’ —- 2d 1,0" a ** 


Seek for the transformation 
(12) ue =utesr, rv =rt+e, 


so to determine r and s that the coefficients of the first power of v in the 
series into which (12) carries the right members of 7”, shall be identically 
zero. If we write 7” as 


(13) z= fu’, v’) =a(u’) +a'(u')r’ +a"(u')v” + -- 
y = g(u’, vo’) = b(u’) + b'(u')e’ + b’(u')o™ + ++: 


formal substitution of (12) in f(u’, v’) vields 


® 
zr=f(u',v') =futs,rtr) = Da™(u + sv)(r + v)", 


whence the coefficient of v is 
a,(u)s + [a,’(u)sr + a’(u)] + [a,’"(u)sr? + a’’(u)2r] 
+ [a,’"’(u)sr? + a’’’(u)3r?] + --- 
s(a, +a,’r+a,"r +a," + ---) + (a’ + 2a"r + 3a'’r?+---) 
sfu(u, r) + f,(u, r). 


Similarly, for ¢ the coefficient of v is 


(14) 


(15) 8¢.(u, Tr) + ¢-(u, r). 


Setting (14) and (15) each equal to zero and eliminating s, we have as a 
necessary condition for the determination of r 
(16) fu(u,r) - ¢(u,r) —f(u,r) + ¢.(u,r) = J(u, r) = 0. 
But 

J(u, r) =. a 4d. ur = 2d, ,r? + eee 

The solutions r of J(u, r) = 0, which are zero when u = 0, are had from* 
J(u, r . 
an a =[r? + A(u)r + Blu)le"”, w(0, 0) = 0. 


* Weierstrass’s preparation theorem. 


(17) 
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Comparison of the two members of this identity shows that 
A(0) =0, <A.(0) = 2d/d;, +0, B(O)=0, BO) =0, B,(0) =0. 
That is, A(u) and B(u) have the form 

A(u) = (2d20/di,)u + hu? + h’'ui + ---, 

Blu) = mv + m'ui+ -:-- 





Solving 

r+ A(u)r + Bu) = 0 
for r, we obtain 
(18) r= 4{— A(u) + VA%(u) — 4B(u)] ai 

= 3[— (2deo/dis)u — hu? —--- = (2deo/dy,)uvl + nu + n’'u2?+---]. 
If we take the lower sign with the radical 
r’ = —(2do0/di,)u + pu + p’w+ ---:; 

if we take the upper sign 
(19) rn’ =q?t+q'u+.--- 
To determmine s consider in more detail the equation 

sgu(u, r) + ¢-(u, r) = 0, 


where r is replaced by r’’(u).* 


gulu, 7) = by + br + bur? + +++ = U(Qdoo + g’'u + gu? + +++), 
g-(u,r) = b' + 2b’r + 3b" + +e) Hud thuth’wes ---). 
Therefore 


Spu(u, T) + ¢-(u, r) = uls(2doo + gut g’wt+ ---)+ (diuthut+---)). 
Since u + 0, this will be identically zero throughout R if and only if 


(20) 9 = — au t hut hit + +) 2 _ du 

~ Qo tgutg’w+--- ~ 2dr 
This pair of values for r and s also makes sf,(u, r) + f,(u, r) identically 
zero. For 


+khut k’w+ ---. 


J(u, r’’(u)) = 0, 
that is, when r is replaced by r’’(u), 
Sur —fidu = 0. 





* The use of r’’(u) rather than r’(u) is not accidental. If r’(u) be used, s is not defined when 


u = 0. 
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Since each derivative in the left member of this identity has u as a factor, let 


Sulu, r’(u)) = uf., fu, r’'(u)) = uf,, 


gu(u, r’’(u)) = ug., ¢gr(u, r’’(u)) = ug, 

where 

¢ (0) = 2do9 + 0. 
Then 7 _ 

J(u, r’'(u)) = w(fugr — freu) = 0. 

Since u + 0, it follows that 

fic, —feu = 0 
But a 

S = — (¢r/¢u)- 
Therefore, when r = r’’(u), 

fu tf, =ul(sfutf) = u( ae +i.) = (— u/eu) (fuer —freu) = 0. 
Su 


Therefore the transformation (12) is completely determined. Its Jacobian 
1 —r.,s + s,v has the value 1 when u = 0, v = 0. Consequently (12) 
is one-to-one and analytic both ways. Since it further carries origin into 
origin, the results of this substitution in f(u’, v’) and ¢(u’, v’) will each be 
analytic and take the value zero when u = 0, v = 0. The terms involving 
u alone are 


flu, r’’(u)) =e30u89 + Pu'+---, ¢(u, r’’(u)) = dyou?+Qui+.-.-., doy + 0. 


The coefficient of v? is computed to be 


3° iv or 
7 Au +] 57a,’ + sa,'| + | 9° Ga’ + 2rsa,” + a”| 
r «fl 


s 9 
+ 5 ra’ + 3sr°a,/"" + 3ra””| ro 





(21). 5 [a,s + a,’t + ay’? + a2!" + ++] 


+ sfa,’ + 2a,"r + 3a,'"r? + ---] + [a + 3a’’r + ---] 
= FS Saluy r) + of,,(u, 1) + 3fa(u, r), 


with a corresponding expression for the coefficient of v? in ¢. When we 
replace r and s by their computed values from (19) and (20) and set u = 0, 
this coefficient for v? becomes 


for the transform of f --- 3-2 = 1, 


for the transform of g --- 4 + 2dy. + 0. 
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We have then brought 7” to the form 
t= (c3ou® + Put + re) + v(1 + €39t + Cov + s+), 


(22) 
y = (doou? + Qu? + ---) + (doe + --*). 
Set aa ee 
(23) uy = UVdeoy + Qu + ree. 0, = vVdoo + -->, 
a transformation one-to-one and analytic both ways. Then (22) becomes 
(24) xz = F(u,) + vP°G(u, r), y = u;’ + vy, 


where G(0, 0) + 0, and F(u;) has u;’ as a factor. (For the second equation 
of (23) makes it evident that v = 0 when v; = 0, u; = u. Since further 
the Jacobian for the inverse of (23) can not vanish in the origin, it follows 
that this inverse must have the form 


u = g(u), v = vyh(uy, vy), h(0, 0) + 0. 


The conclusions concerning (24) are then immediate.) To find the inverse 
of (24) we have to solve for u and v the equations 


(25) F(u) + ’G(u, v) — x = 0, w+e—y=d0, G(0, 0) + 0, 


where we have dropped the subscripts on u and v. The solutions v of the 
first equation, which are zero when u = 0, x = 0, using the Weierstrassian 
preparation theorem, are had from 


(26) v + Clu, xr) v+ D(u, x) = 0, 
where 


(27) F(u) + ’G(u, v) — x = [v? + Clu, x) v+ D(u, x)Je""”. 


The left number of (27) expressed as a power series in u, v, ¢ contains no 
term involving v to the first power only. Consequently the identity (27) 
can hold true only if C(u, x) = 0. Therefore solutions of (25) are had from 


(28) v+ D(u, x) = 0, r+u—y=0. 
Eliminating v, we have 
E(u, z,y) =w— D(u,xr) -—y = 0. 
From (27) we find that 
D(0, 0) = 0, D,(0, 0) = 0, D,(0, 0) = 0, 
whence it follows at once that 
E(0, 0, 0) = 0, E,,(0, 0, 0) = 0, E,(0, 0, 0) = 2, E(u, 0, 0) #0. 


Since 
E,(0, 0, 0) = 1, 
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E(u, x, y) is irreducible. Consequently the discriminant A(z, y) of 
E(u, x, y), which can be obtained by eliminating u from E(u, z, y) and 
E,,(u, 2, y), is not identically zero. But A(0, 0) = 0, therefore A(z, y) = 0 
defines a locus passing through the origin in the ry-space. E(u, z, y) = 0 
defines u as a two-valued function of x and y, continuous throughout a 
complete neighborhood of x = 0, y = 0, analytic with two distinct deter- 
minations except for points of A(z, y) = 0, where the two determinations 
of the root become coincident. Since 


E(u(zx, y), z, y) = 0, 
i. e., since 


9 


[u(z, y)? — y = D(u(a, y), 2), 


the form of (28) shows that the determination of v from either equation of 
(28) will satisfy the other equation also. v, the square root of a function 
continuous throughout the complete neighborhood of the origin, is itself 
continuous throughout the same region. It is four-valued in any point 
in which [u(z, y)]? — y is two-valued, two-valued in any point in which 
[u(r, y)|? — y is single-valued and different from zero, and has the value 


zero when 
[u(z, y)? —y = 0. 


x= 0, y = 0 is a point of this last locus. In the neighborhood of any 
point of this region not on 


A(z, y) = 0, 
the equations (28) have four distinct analytic solutions, which we may 
indicate schematically as 
(Uo, Vo), (Uo, U1), (Uy, V2), (tty, V3) 
(Uo, Vo), (Uo, U1), (Ui, Vo), (Ua, 04). 


Hence the theorem is proved. 

If instead of the transformation 7 we consider the transformation 7'y 
whose definition differs from that for 7’ in that it omits the condition (c), 
we can deduce a theorem of which Theorem 6 is a special case. 

Theorem 7. If the transformation Ty has the form 


t= flu, v) = fm(U, v) + S mail, v) + -- , 
y= g(u, v) = gnl(U, v) + Pn4i(U, v) + +e, 


where fi(u, v) and ¢;(u, v) are homogeneous polynomials of degree i in u and 
vi=m,m+),---;i=n,n +1, ---), and where fr(u, v) and ¢,(u, v) 
have no common factor, then there exists an mn-valued inverse, defined through- 
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out the complete neighborhood of x = 0, y = 0. This inverse is analytic with 
mn distinct branches except (if mn > 1) along a complex one-dimensional 
locus where it is continuous and less than mn-valued. Finally u = 0, v = 0 
when x = 0, y = 0. 

Since f,,(u, v) and ¢,(u, v) have no common factor, it follows a fortiori 
that f(u, v) and ¢(u, v) have no common factor in the point (0,0). But I 
have shown in the theorem quoted near the end of section 4 that if f(u, v) 
and ¢(u, v) have no common factor in the point (0, 0) and if R be suitably 
restricted, then there exists an inverse defined throughout the complete 
neighborhood of x = 0, y = 0, everywhere continuous in that neighbor- 
hood, finitely multiple-valued, analytic except (if more than one-valued) 
along a complex one-dimensional locus where roots elsewhere distinct 
become coincident, and having the value u = 0, v = 0 when x = 0, y = 0. 
The proof of this is independent of any assumption concerning the value of 
J(u, v) in R.* 

J(u, v) can not be identieally zero; for if it were then y would be ex- 
pressibley as an analytic function of x alone in a suitable neighborhood of 
x= 2, = f(u, 4), where (uw, ) is a point of R in which a first derivative 
of f(u, v) or of ¢g(u, v), say f.(u, v), is not zero. The same point (2, y) 
would then correspond to every point (u, v) which is a point of the locus 
f(u, v) = x, and is within a suitable neighborhood S of (uw, v;) in which 
f.(u, v) + 0. This contradicts the existence of a finitely multiple-valued 
inverse, hence J(u, v) + 0. 

If J(0, 0) + 0, then m = n = 1 and this inverse is single-valued and 
analytic throughout the region R in which it is defined; if J(0, 0) = 0, it 
is multiple valued and satisfies the properties required by the theorem 
except that as yet we have no count of the number of roots included in this 
inverse. For the case under discussion, in which f,,(u, v) and ¢,(u, v) have 
no common factor, this number is knownt to be exactly mn. Further, in 
any point of the region of definition in which J(u, v) + 0, these roots are 
distinct. Hence the theorem is proved. 

UNIVERSITY OF WISCONSIN, 

Mapison, WISCONSIN. 

*Transactions, loc. cit., p. 333. 
tJordan, Cours d’Analyse, vol. 1, 2d ed. (1893), p. 86. 
¢G. A. Bliss, Transactions of the American Mathematical Society, Vol. XIII (1912), p. 134. 











ON THE PROJECTIVE DIFFERENTIAL GEOMETRY OF PLANE 
ANHARMONIC CURVES. 


By SamMue.L W. REAvVEs. 


1. Introduction.—Following Halphen and Wilezynski* we shall interpret 
the fundamental solutions y;, ys, y3 of a linear homogeneous differential 
equation of the third order 


(1) y" + 3piy” + 3puy’ + psy = 0 


as the homogeneous coérdinates of a point P,. This point will describe 
an integral curve of (1) when the independent variable passes through all 
of its values. Associated with the point P, are two other semi-covariant 
pointst P., P,, whose coérdinates are given by the expressions 


z2.=y, + py, 
(2) 


Pi = Yo + 2prys + pry: (2 = 1, 2, 3), 
and which, together with P,, determine a triangle well suited to serve as 
triangle of reference for the purpose of investigating the properties of the 
curve in the vicinity of the point P,. Of course as the independent variable 
changes these three points will trace three curves C,, C., C,. 

Referred to the triangle P,P.P, the equation of the conie which oscu- 
lates C, at P, ist 
(3) xr.” — 27,743; + Poze = 0. 


The covariant 0;'y + 30;z§ determines a point P, whose codrdinates 
are (0;', 303, 0). It is the point in which the tangent at P, meets the line 
upon which lie the three points of inflection of the eight-pointic nodal cubic 
of P,. 

The coérdinates of the Halphen point P, of P, are| 

X 7(50;'0, — 7560;')? + 250,’ + 15750,;°0.?P2, 
(4) To 2100,0,(50,’0, —_ 7560;'), 


r3 = 3150 6,°0,’. 


* Projective Differential Geometry of Curves and Ruled Surfaces, B. G. Teubner, Leipzig, 
1906, p. 60. 

t Wilezynski, loc. cit., p. 61. 

t Wilezynski, loc. cit., p. 65. 

§ Wilczynski, loc. cit., pp. 85-86. 

|| Wilezynski, loc. cit., p. 68. 
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It is the purpose of this paper to find the equations of the loci C., C,, 
C, of P., P,, P,, the locus C,, of the center O’ of the osculating conic, and 
the locus C, of the Halphen point P,, for each of the following anharmonic 
curves* (also known as W-curves): 


(5) y= 2 (r + 0, 1, _ 1, 3 2), 
(6) | f= oe, 
(7) y =e’. 


For the logarithmic spirals (6), the osculating conic at an arbitrary point 
P, will be studied in some detail and a construction for its center and axes 
will be given. 

Let the sides of our triangle of reference be the line at infinity, the z-axis, 
and the y-axis, and let us choose the unit point in such a way that 
(Y2/Yi, Ys/y1) Will be the cartesian codrdinates of P,. The relation between 
this system of codérdinates and the local system determined by the semi- 
covariants y, z, p of the point P,, is given by the equations 


(8) Oi = YX, + 222 + pid; (¢ = 1, 2, 3). 
2. The Curves y = x*.—Since x = y2/y; and y = y3/y1, this family of 

curves may be represented parametrically by the equations 

(9) es 1, = t, ¥3 = -, 


and since ¥;, Y2, ys are to be solutions of a differential equation of the form 
(1), we find, on substitution, the following values for the coefficients: 


2—) 


(10) P= 3» Pp. = p; = 0. 


Making use of equations (2) we find the codrdinates of P., P,, P, to be 


_2-% ns _ 2A +2 =F 
an —sy: *F:.hOU€Ue EG 
4 —2h 2+r. 
(12) i 0, <a 31 ’ r= . § - rs 
(13) y= A411, v2 = (A—2)E, v2 = (1 — 2d)e. 


Placing in (11) z2/z; = 2, 23/2: = y, and eliminating t, we have for the 
equation of C, 
2.+2/2-,A\* 
(14) C2 y= = z*. 
Z2—-A\SO-A 
. Lie-Scheffers, Continuierliche Gruppen, pp. 68-82. Enc. der Math. Wiss., III, D4, pp. 
204-215. Wilczynski, loc. cit., pp. 86-90. 
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In like manner we have from (12) and (13) 

(15) C.: The line at infinity, and 
1—2\/A¢+1\, 

(16) ie y= 357 (455) 


The equation of the osculating conic, as derived from (3) by means of 
the transformation (8), is 


N(2A — 1)(A + 1)t*2? + ANA — 2)(20 — DCT ry + (A + :1)(2 — ADE Yy? 
(17) + 4nX(A2 — 1)(2 — ANE + 4002 — 1)(1 — QAP ty 
+ (A — 1)7(A — 2)(2A — 1)*? = 0. 


This conic is an hyperbola, parabola, or ellipse according as the expression 
M(A — 1)°(A — 2)(2A — 1)f’** is positive, zero, or negative. The coor- 
dinates of the center O’ are 

2\+ 2 2+2, 
(18) t=5 45 Y=5_)¢ 
and the locus C,, of the center has the equation 


2422-1 


A 


(19) Co Y= 5 _ " (3 4 3) oA 


Transforming the codrdinates (4) of the Halphen point by means of (8), 
placing 020; = 2, o3.0, = y, and eliminating ¢, we have for the equation of 
the locus C, of P, 


Z by 
(20) C;: 41¢ ) z. 


Y= B\C 


where 
A = 27,876(\* + 1) — 108,198(\° + A) — 69,372(A! + dX?) + 461,454)3, 
B = 27,876\° — 59,058d° — 192,222\' + 340,494? + 234,918? 
— 486,198\ + 162,066, 
162,066° — 486,198\° + 234,918! + 340,494? — 192,222? 
— 59,058\ + 27,876. 


It is thus seen that the loci C,, C,, and C;, are all anharmonic curves with 
the same invariant and belonging to the same fundamental triangle as the 
original curve. 

3. The Logarithmic Spirals: r = e™’.—The number m, which is the 
cotangent of the constant angle a which the tangent makes with the radius 
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vector to the point of contact, may be called the pitch of the spiral. By 


putting 
Y2 


= 2z=rcos 6 
Y1 
and 
Y3 : 
=— = 6 
1 y=rsin 


we may represent this family of spirals parametrically by the equations 
(21) y, = 1, Yo = e™ cos 8, y3 = e™ sin 6. 


By methods similar to those of last paragraph we find values of 
Di, 2i, Piy Yi (i = 1, 2, 3), and by eliminating 6 we find the equations of the 
loci C., C,, C,. It turns out that these are themselves logarithmic spirals 
with the same pole and pitch as the original spiral C,, their equations being 


| 
? 


a9 = - = 
(22) C,#(C,: r om 
(23) Core — get). 
vm? + 1 
where 
as 4 ™ i 
B cot 3° | 








Pp 
‘ 


B and (2/2 + a) are the angles which OP, and OP, make with OP,, and 
these angles are therefore constant. 
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The equation of the osculating conic at P, (r, 6) is 
[((17m? + 9) cos? 6 + (10m*® — 6m) sin 6 cos 6 + (2m! + 3m? + 9) sin? 6]z? 
+ 2[(3m — 5m*) cos? 6+ (14m?—2m*) sin 6 cos 6+ (5m*—3m) sin? dry 
+[(2m!+3m?+9) cos? 6+ (6m — 10m!) sin 6 cos 6+ (17m?+9) sin? Bly? 
+ 8[— 2m? cos 6 + (3m + m’) sin dje™*x 
— 8[(3m + m®) cos 6 + 2m? sin Jey — (m? + 9)e”"* = 0. 


The discriminant of the second degree terms, ab — h?, has the value 
9(m? + 1)2(m?2 + 9), and since this is always positive the osculating conic 
at all points of a logarithmic spiral is an ellipse. 

The coérdinates of the center O’ of this ellipse are 


4me”? 4me”® 
z=-, 
m +9 


(m cos 6 — 3 sin @), = m sin 6 + 3 cos 6), 


2) a 
(25) Ym + 9 | 


and the locus C,, of the center has the polar equation 


(26) Ct: re 
vm? + 9 
where 6 = cot™! m3 is the constant angle which OO’ makes with OP,. 
It may be shown that 6 = 6 — z. 
The angle @’ which either axis of the osculating ellipse makes with the 
x-axis satisfies the equation 
5m? — 3 


7 29’ — 26) = 
(27) tan (26’ — 26) oo Ca” 


Since (6’ — @) is constant, the axes of the ellipse make constant angles with 
the radius vector OP,,. 
The lengths of the semi-axes of the osculating ellipse are found to be 
a 
sin 
= v2r sin 6-. 
sin a 
6 
| COS , 
b’ = v2r sin 6 -. 
sin @ 
and both axes are therefore proportional to the distance of the point of 
osculation from the pole. Hence the osculating ellipse at all points of the 
logarithmic spiral remains similar to itself, the constant eccentricity being 
er yy 
vl — tan? 6/2. 
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The center O” of the osculating circle at P, is found to have the codr- 


dinates 
(29) x= — me” sin 6, y = me” cos 8, 


and therefore OO” is perpendicular to OP,. Hence the pole O lies on the 
circle having the radius of curvature O''P, for diameter, and it may be shown 
that the center O’ of the osculating ellipse lies on the same circle. 

To construct the center O’ of the osculating ellipse we may proceed as 
follows: From any point Q on the tangent at P, drop a perpendicular to 
OP, meeting it in M. Divide P,M at R in the ratio 2:1. Draw through 
O a line parallel to RQ to meet the circle OO’ P, again in the required point 
0’. 

The directions of the axes may be found by the following construction: 
Join O’O” and draw O’U parallel to O’’P,. The axes of the osculating 
ellipse will lie on the internal and external bisectors of the angle O”O0’U. 
If m > 0, the major axis is the one which cuts OP, on the side of O towards 
Ps 

Finally we may find the lengths of the axes geometrically as follows: If 
the internal and external bisectors of the angle QRM meet P,Q in S and T, 
two sides of the triangle RP,S have the ratio sin 6/2 : sin a, and two sides 
of the triangle RP,T have the ratio cos 6/2: sina. If a perpendicular to 
00’ be dropped from P,, its length is r sin 6. Hence, from (28), a’/ v2 
and 6’/ +2 may be found in magnitude by constructing fourth proportionals 
to these line segments, and then a’ and b’ may be readily found. 

From the fact that the osculating ellipse has constant eccentricity, 
that its axes make constant angles with the radius vector OP,, and that its 
center generates a logarithmic spiral having the same pole and pitch as 
the original spiral, it may be inferred that a great many other points of 
the figure will likewise generate spirals of the same pole and pitch. For 
example, this is true of the foci and extremities of the axes of the ellipse; 
also for the intersection points of the axes with OP,, OP,, OO”, O”''P,, QP,, 
etc. And, dually, there are a great many lines of the figure which envelop 
spirals of the same pole and pitch as the original one. This is true, for 
example, of the axes of the ellipse, the lines joining the foci to the extremities 
of the minor axis, ete. 

If we speak of all points and lines thus associated with a particular 
point P, of the spiral, and which generate spirals while P, traces the spiral 
C,, as constituting a set of generators, we may say more generally, (a) any 
line through a point generator of a set, making a constant angle with OP,, 
is a line generator of the same set; (b) a point dividing in a constant ratio 
the line segment determined by two point generators of the same set, is a 
point generator of the set; (c) the point of intersection of two line generators 
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of the same set is a point generator of the set; and (d) the line joining two 
point generators of the same set is a line generator of the set. 
The Halphen point and its locus may be found by the method of the 
last paragraph. We find 
VQ? + R? m(o-tan-* 

(30) Ca? f= at € (s ¢) 
where 

P = 54,022m*® + 497,106m* + 1,147,122m? + 109,350, 

Q = 9,292m® + 313,776 m* + 2,184,732m? — 145,800, 

R = — 16,380m> — 325,080m' + 1,122,660m, 


and tan“ RQ is the constant angle which OP, makes with OP,. 

We have now seen that the loci C,, C.,, C.», Cy are all spirals of the same 
pole and pitch as the spiral from which they are derived. 

4. The Exponential Curves: 1 = e’.—We may use the parametric equa- 
tions 
(31) y, = 1, y2 = t, y¥3 = e', 


and by the methods of paragraph 2 we shall find 
(32) C,=(C,: y = — 2e*e* 
i The line at infinity. 
The equation of the osculating conic is 
2e*'x* + 8e'ry + Ty? + (10 — 4tje**x + (8 — Stjety 
+ (20 — 10t + 17) = 0, 


(33) 


and it is therefore always an hyperbola. 
The locus of the center of the osculating conic and the locus of the 
Halphen point have respectively the equations 
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(34) Cy: y= —6e 2, 
27511 24% 


ov Ci = 466° ™ 


Thus the loci C,, C.,, Cy are all anharmonic curves of the same kind as the 
original curve Cy. 
UNIVERSITY OF OKLAHOMA, 
September 14, 1912. 














ON THE RANK OF A SYMMETRICAL MATRIX.* 


By L. E. Dickson. 


1. A matrix (a;;) is said to be of rank r if some minor M, of order r 
is not zero, while every minor M,,, of order r + 1 is zero. A minor of order 
r in which there occur exactly k elements a;; of the main diagonal of a 
square matrix (a;;) shall be designated by M,“™. In particular, any M,“ 
is called a principal minor. 

Of various theorems on the rank of a symmetrical matrix, the following 
theorem { due to Kronecker is especially useful: 

In a symmetrical matrix of rank r(r > 0), at least one principal minor of 
order r is not zero. 

The following proof rests upon the fact that if n linear homogeneous 
equations in n variables have a set of solutions not all zero, the determinant 
of the coefficients is zero. 

2. THEorEM. If, in a symmetrical matrix (a;;), every M,i1 = 0 and 
every M,“ = 0, then every M, = 0. 

To proceed by induction, let p be a fixed integer, 0 < p < r, for which 
every M,“” =0, k > p. We shall prove that every M,® =0. The 
assumption that there is a non-vanishing M, will be shown to involve 
a contradiction. After a rearrangement of the rows of (a;;) and the like 
rearrangement of the corresponding columns, a change not affecting our 
hypotheses, we may assume that 





M= dit °° Gi Mieni °° ° Ai2r—p| ca 0 (i a 1, — r). 





Let ¢ be one of the integers r + 1, ---, 2r — p. Then M is a minor of 





' . 
M41 = (Gir °° * Dighingi1Qiry1 * °° Ai2r—p| =0 (@=1,::-,7,0. 


Expand the latter determinant according to the elements of its last 
row (given by 7 = 1). In the co-factor of a,; (j 27+ 1) appear the 
elements ai.(k = 1, ---, p +1), so that these co-factors are vanishing 

* Read before the American Mathematical Society, March 22, 1913. 

t Cf. Bécher’s Introduction to Higher Algebra, pp. 56-59. 

tA short proof of different nature may be found in G. Kowalewski’s Determinantentheorie, 

p. 122-4. 
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M,°+», Call A; the co-factor of a.; (j < p). Since the co-factor of a:,,r 
is + M, 


anAy +--+ aA, + Q,41M = 0 (t=r+l, aie 2r—p). 


A like equation with ¢ < r holds since the sum of the products of the 
elements of a row by the co-factors of the elements of a different row is 
zero. Since M + 0, it follows (end of $1) that 


ary ne Qt541 = 0 


for any p + 1 values < 2r — p of t. Interchange rows with columns and 
note that a;; = a;;. Thus 


1, ---,p +1; ¢ with any p + 1 values). 


Hence every M,.; formed from the first p + 1 rows of M is zero, in contra- 
diction with M +0. Thus every M, = 0 and the induction is complete. 


Tue UNIversity or CHICcAGo, 
February, 1913. 











NOTE ON THE RANK OF A SYMMETRICAL MATRIX. 


By J. H. M. WeppERBURN. 


In the preceding paper, Professor Dickson has given a very simple proof 
of Kronecker’s Theorem on the rank of a symmetrical matrix. The proof 
of this theorem which is given in this note, while not so elementary as 
Dickson’s, shows very clearly the algebraic nature of the result. 

Let A = (a;,;) be a symmetrical matrix of order n and rank r and 


) 


g(%1, °°, Xn) = La;;22; 
the corresponding quadratic form. If the determinant of A is zero, there 
exists a point (411, «++, Z1n) such that 
D a,jai; = 0 (i = 1, 2, rey). 
j=l 


It is obvious geometrically, and not difficult to show algebraically, that there 
is an orthogonal matrix 
B= (bij), — |bis| + 9, 
which transforms the point (2, --- x,) into (1, 0, --- 0); and if the variables 
in the quadratic form are transformed by this orthogonal matrix, the 
matrix of the new form is B’AB which is also symmetrical and has the same 
rank as A. From the way in which B was chosen, the coefficients in the 
first column of B’AB are all zero and, as it is symmetrical, the same is true 
of the first row. The transformation therefore expresses ¢ in terms of 
nm — 1 variables at most. This process may be repeated n — r times the 
final result being a symmetrical matrix, C’AC, in which the first n — r rows 
and columns are zero, while the determinant formed from the remaining 
elements is not zero. Since C, being the product of orthogonal matrices, 
is itself orthogonal, we have 
C'AC = CAC; 


but the characteristic determinants |A — \| and |C“1AC — \| are identical, 
and the coefficient of (— 1)*\"~* in |A — X|{ is the sum of the principal 
minors of A of order s; therefore, since in |C-!AC — \| this sum is zero if 
s > rand not zero if s = r, we have the theorem: 

In a symmetrical matrix of rank r the sum of the principal minors of 
order r is not zero. 

It follows immediately that at least one principal minor of order r is 
not zero. 

The same result is readily derived for skew symmetrical matrices and 
for matrices of the form A + dA’. 

PRINCETON UNIVERSITY. 


29 











ON THE NUMERICAL FACTORS OF THE ARITHMETIC FORMS 


a”™ = g*.* 







By R. D. CarMmIcHakEL. 






Let a + 8 and a8 be any two relatively prime integers (different from 
zero). Then a and 8 are roots of the quadratic equation 






2 — (a+ 8)z+ ad = 0. 







It is obvious that the numbers D,, and S,, 






D, =—= =a*' + a**8 + ites -?"™, Sn — a” + B*, 
























are integers, since they are expressed as rational integral symmetric func- 
tions of the roots of an algebraic equation with integral coefficients with 
leading coefficient unity. The principal object of the present paper is 
an investigation of the numerical factors of the numbers D, and S,. The | 
case when a and 8 are roots of unity is excluded from consideration. (See § 2.) 

The most valuable treatment of the questions connected with these 
numbers is that of Lucas.t The special case in which a and 8 are integers 
has been considered by Siebeck,{ Birkhoff and Vandiver,$ Dickson, and 
Carmichael.© 

In Lucas’s paper many results of interest and importance are obtained. 
The methods employed, however, are often indirect and cumbersome. In 
the present paper a direct and powerful method of treatment** is employed 
throughout; and in connection with the new results which are obtained 
many of Lucas’s theorems are generalized and several errorstt in the 


statement of his conclusions are pointed out. ; 
In § 1 several fundamental algebraic formule are obtained and a partial 
factorization of D, and S, is effected. In §2 these algebraic formule 


are employed to derive numerous elementary properties of the integers 





* Presented to the American Mathematical Society, December, 1912. 

+ American Journal of Mathematics, 1 (1878): 184-240, 289-321. 

t Crelle’s Journal, 33 (1846): 71-77. 

§ Annals of Mathematics, (2) 5 (1904): 173-180. 

|| American Mathematical Monthly, 12 (1905): 86-89. 

{ American Mathematical Monthly, 16 (1909): 153-159. 

** Compare the method employed by Dickson in the paper already cited. 

tt Compare the review of Lucas’s paper in the Jahrbuch iiber die Fortschritte der Mathe- 
matik, 10 (1878): 134-136. 
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D, and S, relative to divisibility, and these properties are stated in explicit 
theorems. 

In §3 the important question of the appearance of a given prime 
factor in the sequence D,, Ds, D3, --- is investigated. The principal 
results are contained in Theorems XII and XIII. Attention is called to 
the new number-theoretic functions introduced in connection with Theorem 
XIII and its corollary. 

In §4 a detailed study is made of the numerical factors of a set of 
numbers which are the values of an algebraic form F(a, 8) which may be 
defined as that irreducible algebraic factor of a* — 8* which is not a factor 
of any a” — ~ for which v < k (but see the definition in §1). This in- 
vestigation is fundamental in the study of the numbers D, and S,, and the 
results which are here obtained have important applications in the theory 
of numbers. Attention is called especially to Theorems XIV, XVI and 
XVIII. 

In § 5 the theory of “ characteristic factors”’ of F,, D, and S, is de- 
veloped. 

In § 6 very simple proofs are given of certain special cases of Dirichlet’s 
celebrated theorem concerning the prime terms of an arithmetical progression 
of integers; in particular, it is shown that there is an infinitude of prime 
numbers of each of the forms 4n + 1, 4n — 1, 6n + 1, 6n — 1. 

In §7 are given a number of theorems which are useful in the identi- 
fication of large prime numbers. Among the results obtained the following 
two alone will be mentioned here: A necessary and sufficient condition that 
a given odd number p is prime is that an integer a exists such that 


F,-:(a, 1) = 0 mod p; 
a necessary and sufficient condition that 27" + 1, n > 1, is prime is that 


3°°1 4+ 1 = 0 mod 2" + 1. 


1. Notation. Fundamental Algebraic Formule. 


Q,(z) = 0 


be the algebraic equation whose roots are the primitive nth roots of unity 
without repetition, the coefficient of the highest power of zx in Q,(x) being 
unity. The polynomial Q,(2) has all its coefficients integers; and it is of 
degree y(n), where ¢(n) denotes the number of integers not greater than n 
and prime to n. 

From the theory* of the primitive roots of unity we have two formule 


Let 


*See Bachmann’s Kreistheilung, especially the third lecture. 
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which are fundamental for our purposes. Thus, 


(1) a*—1= IT Q,(2), 


where d ranges over all the divisors of n. Also, 


(2" — 1) - M(zn'i01 — 1) 
9 = —_— “ 
(2) Qn(2) = Ten v= 1) (an m7# — 1) 





where the p’s denote the different prime factors of n and where the products 
denoted by II extend over the combinations 2, 4, 6, --- at a time of pi, po, 
ps3, ::: in the numerator and over the combinations 1, 3, 5, --- at a time 
in the denominator. 

Let a + 8 and a8 be any two relatively prime integers (different from 
zero); then a and @ are the roots of the equation 


2 — (a+ 8)z+ a8 = 0 


whose coefficients a + 8 and af are any two relatively prime integers 
both of which are different from zero. We shall exclude the trivial case 
a=6=1. It is then clear that a and 8 cannot be equal. 

Now a" + 8" represents an integer for every value of n, since the func- 
tion a" + 8" is a symmetric polynomial in @ and 8 and has integral coef- 
ficients. On the other hand the function a" — 8" does not necessarily 
have an integral value. If, however, this number is divided by a — 8 
the result is clearly an integer, since it may obviously be written as a rational 
integral symmetric function of a and 8 with integral coefficients. Ac- 
cordingly, let us define the integers D, and S,, for every value of n, by the 
relations 


D, = = = =a"™!+a"*B+---+ 8", S, =a" + B". 
Then, obviously, 
5 = Dey 
ain 


so that a study of the factorization of the form D,, for varying values of n, 
includes incidentally that of the form S,. We shall therefore be interested 
primarily in the form D,. 

We define F(a, 8) by the relation 


(3) Fy fa, B) = B*Q:(a/B). 


We shall now show that F(a, 8) is an integer for every value of k except 
k =1. The theorem is obviously true for k = 2; for, 


F(a, B) =at+ Bp. 
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Then suppose that k is greater than 2. Let w be a primitive kth root of 
unity. Then evidently, 





otk) 


(4) Fy(a, B) = B°Q:(a/8) = IT (a — w*s), 





where for i = 1, 2, ---, g(k), the s; are the ¢(k) positive integers less than 
k and prime to k. Hence 


o(k) 
F(a, B) = IT (a — wiB) wk, 






since 





k—a 


ka; . wy = ]1 





w 






when 
8; + 8, == k 









and the factors in the above equation obviously fall into pairs such that the 
sum of the s’s in each pair is k. Hence we see readily that 





bik) (k) 
| Fy(a, 8) = [1 (aw: — 8) = [1 (6 — oe), 





where in the last member s; is written for k — s; By comparing this 
equation with (4) we find that 


F(a, B) = F,(8, a); 










that is, F.(a, 8) is symmetric with respect to a and 6. But it is a poly- 
nomial in a and 6 with integral coefficients. Hence we conclude that 
The number F(a, 8) is an integer for every value of k except k = 1. 
Now from (1) we have readily 






n 


(5) D, = =F = IT Fila, 8), 





where d ranges over all the divisors of n except unity. This important 
formula gives a (partial) factorization of the integer D,. Likewise, if v is 
any divisor of n, 


| (6) D,, c= IT F(a, B), 








where 6 ranges over all the divisors of n/v except unity. If now we divide 
the first of these equations by the second, member for member, we have 





(7) pe. on ane) vt an (2) ”B" v + or + a” vgn (v—2) vo Bre-d ? in ITF x(a, B), 





where k ranges over all the divisors of n which are not at the same time 
divisors of n/v. 
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From (2) we obtain readily the equation 


(a” — B") « (ar PiPi — Br/PsPi) .-- 
(8) F (a, B) = I(a" Po <n B" Pi) _ II(a” PiPjPke — BPiPiPr) Smee” 


where the factors denoted by II extend over the combinations 2, 4, 6, --- 
at a time of p;, po, --- in the numerator and over the combinations 1, 3, 5, 
- at a time in the denominator. The total number of factors in’ the 
numerator of this equation is the same as that in the denominator; for, 
obviously, the first of these numbers is the sum of the positive terms and 
the second is the sum of the negative terms in the expansion of (1 — 1)’ 
by the binomial formula, r being the number of different prime factors of n. 
Hence, dividing each of these factors in both numerator and denominator 
by a — 8, we have 
9 F.( _— Da - WDarys, --° 
(9) n(a, 8B) = ee 


where the products denoted by II have a meaning similar to that above. 
Let p be any prime factor of n and write 


n = vp* 


where the exponent a is so chosen that » is an integer which is not divisible 
by p. Consider the factors in the second member of (9) into which p 
does not enter explicitly; from (9) itself it is clear that these factors alone 
have the value F,(a”*, 8"). In the same way we see that. the factors into 
which p enters explicitly have the value 1/F,(a”*"', 8”*"'). Hence 


(10) F(a, B) = F,(a™, B?*) + F,(a?*"', BP"). 
Since 
F(a, B) = B, 

equation (10) may be used as a recursion formula for determining F(a, 8). 
For n < 36, Sylvester’s table* of cyclotomic functions may conveniently 
be employed for finding F’,(a, 8). 

In passing we note without demonstration that (10) may be proved 
directly and then be employed for the derivation of (9). 

If, now, in equation (7) we replace n by 2n, give to v the value 2 and 
remember that 


Don 1 
._* 
we have 
(11) S, =a"+ p*=T]|[F, (a, B), 
k 





* American Journal of Mathematics, 2 (1879): 367-368. 
+ Compare Dickson, 1. ¢., p. 86. 
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where k runs over all those divisors of 2n which contain 2 to the same power 
as 2n itself. This important formula gives a (partial) factorization of the 
integer Sp. 

Let v be any odd divisor of n; then, writing n/v for n in (11) we have 


(12) Sal, — II Fila, 8), 
k 


where & runs over all those divisors of 2n/v which contain 2 to the same power 
as 2n/v itself. Dividing (11) by (12), member for member, we have 

Sr ; 

s* II F:-(a, 8), v odd, 


niv k 


(13) 


where * runs over all those divisors of 2n which contain 2 to the same power 
as 2n itself and which do not divide 2n/v. 


2. General Properties of the Integers D, and S, Relative to Divisibility. 


In view of the fact that a rational integral symmetric function of a, 8 
with integral coefficients is an integer we have readily the two equations 


(a + 8)" = a" + 6" + afl, = S, + afh, 
Dy = = a + Bt als = Sy1 + abl 


where J; and J, are integers. Since a8 and a+ 6 are relatively prime 
integers it follows from the first of these equations that S, is prime to a8 
for every value of n. Then from the second of the equations we conclude 
that D, is likewise prime to a8 for every value of n. Hence we have the 
following theorem: 

THeoreM I. The integers D, and S, are both prime to a8. 

This theorem enables us to dispose of an exceptional case; namely, 
when D,, = 0 for some value of m. In this case a” = 6” and hence 


Sin aa 2a”. 


But S,, is prime to a8 and hence to a8". These two results agree only 
when 
a®* = p™ = + m 


so that in this case a and 8 are both roots of unity. It is easy to see that 
S; can assume no other value than — 2, — 1, 0, 1, 2; for 
Sel < Jat] + [8*| = 2. 
Now 
(a — B)? = (a + B)* — 4a8 = integer; 
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and hence 
ea = 8 S l, 

since a + 8. Therefore 

Dy! < |a* — BF) < Jat! + [B*| = 2, 
so that D, can take only the values — 2, — 1, 0, 1, 2.. A corresponding dis- 
cussion can be made when S,,, = 0 for some value of m, and with like results. 
The cases D,, = 0 for some m and S,, = 0 for some m are therefore both 
trivial. They arise when and only when a and 3 are roots of unity. Hence 
in what follows we shall exclude from consideration the case in which a and B 
are roots of unity. Then D,, and S,, are always different from zero. 

Now 

(a" + 8")? — (a”" — 8")? = 4a"B", 
and hence 
S,2 — (a — 8)°D,? = 4a"B". 

It is clear that (a — 8)* is an integer. Then from the above equation it 
follows that any common divisor of S,? and D,? must be a divisor of 4a"3"; 
but by Theorem I such a divisor is prime to a3. Hence it is a divisor of 4. 
Therefore, either D, and S, are relatively prime or they have the greatest 
common divisor 2. That both of these cases may arise is shown by the 
following examples: 

(1)a=2,8=1. D, andS, have not the common divisor 2 and hence 
are relatively prime; 

(2) a=3,8=1. D, and S, have the common factor 2 if n is even. 

Hence we have the following theorem :* 

THEOREM II. The integers D, and S,, either are relatively prime or 
have the greatest common divisor 2. 

We shall now determine the character of D, and S,, relative to divisi- 
bility by 2. From Theorem I it follows that both of them are odd when 
a8 is even. Hence we have to treat further only the case when af is odd. 
This will separate further into two cases according as a + 8 is odd or even. 
We start from the recurrence formulze 


Drysso as (a + B)Dnsi + aBD,, 


Sn+2 one (a + B)Snst + abs, _ 0, 
which are readily verified by substituting for D, and S,, k = n, n +1, 
n + 2, their values in terms of a and 8. Since for the present discussion 
a8 is odd, we have from (14) 
Dryso = Dy, Sno = S, mod 2 


0, 
(14) 


or 
Dase = Das a D,, Sni2 = Sn+1 -+- S, mod 2 


according as a + @ is even or odd. 








* Lucas (I. ¢., p. 200) states inaccurately that D, and S, are relatively prime. 





ad 























Saat 


























ON THE NUMERICAL FACTORS OF THE ARITHMETIC FORMS. 37 


Now D, = 1 and D, = a+ 86. Hence from the above congruences 
which involve D, we see readily that when a + £ is even D, is even or odd 
according as n is even or odd; and that when a + 8 is odd, D,, is even or 
odd according as n is or is not a multiple of 3. 

We treat the number S, in a similar manner. We have 


Si=artB8B, So = a’?+ 6B = (a+ B)? — 2af. 


Hence, if a + 8 is odd both S,; and S» are odd; and if a + 6 is even both 
S; and 8. are even. Therefore from the above congruences involving S,, 
we conclude readily that if a + 8 is even S, is even for all values of n; 
and that if a + 8is odd S, is even or odd according as n is or is not a multiple 
of 3. 

Collecting these results we have the following theorem: 

TueoreM III. Jf a@ is even both D, and S, are odd. If a8 is odd and 
a + Biseven, then S, is even for all values of n while D,, ts even or odd according 
as n is even or odd. If both a8 and a + B are odd then D, and S,, are both 
even or both odd according as n is or is not a multiple of 3. 

From the properties of symmetric functions of the roots of an algebraic 
equation and the algebraic divisibility of D, by D, when » is a divisor of 
n, it follows immediately that the integer D, is divisible by the integer 
D, when » is a divisor of n. This is also an immediate consequence of 
equation (7); and the latter equation in general states more than this, that 
is, it gives a partial factorization of the integer D,/D,. Thus we have the 
following theorem: 

THEOREM IV. Jf vis a divisor of n then D, is a divisor of D, and we have 
_ = IT Fila, 8), 


v x 


where k ranges over all those divisors of n which are not at the same time divisors 
of v. 

For v = 1 this theorem gives a partial factorization of D,, since D,=1. 
In the preceding section we proved that the quantities F(a, 8) have 
integer values. 

By the aid of equation (13) the following theorem may be demonstrated: 

TueoreM V. If v is a divisor of n such that n/v is odd then S,, is divisible 
by S, and we have 


5 _ IT Fi(a, 8), 


where k runs over all those divisors of 2n which contain 2 to the same power as 
2n itself and which do not divide 2». 
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From the identity 
(a™ — B™)(a" + B") — (a® — B")(a™ + B™) = 2a"B"(a"™—" — B™"), m>n, 


we have readily 
(15) Dw Sn nd D,Sm oe 20° 8° Daa 


From this equation and the fact that D,, and D, are prime to a@ it follows 
that every common odd divisor of D,, and D,, is also a divisor of Dn—n; 
whence we conclude readily that every common odd divisor of D,, and D, 
is a divisor of D, where v is the greatest common divisor of m and n. 
But according to Theorem IV D, is a divisor of D,, and D,. Hence the 
greatest common divisor of D,, and D, is D, provided that either D,,/D, 
or D, D, is odd. This latter fact we shall now prove by aid of Theorems 
I and III. 
We have 


D,, a™ _— B™ a” Pe te 3” v 


a i—B 


, 


if we replace a’, 8’ by , 8. The last member of the above equation we 
denote by D,,,. We define D,, in a similar manner. It follows from 
Theorem I that a’8” and a’ + 3” are relatively prime. They are both dif- 
ferent from zero. That is, a3 and @ + 8 are relatively prime integers both 
of which are different from zero. Hence we may apply Theorem III to 
D,,, and D, » - a3 is even both of these numbers are odd. If &@3 is odd and 
a+ is even one of the numbers D,,, and D,,, is odd; for either m/v or n/p 
is odd, since y is the greatest common divisor of mand n. Likewise, if a8 
and a + 8 are both odd then one of the numbers D,,,, and D,,,, is odd; for 
either m/v or nv is not divisible by 3, since v is the greatest common 
divisor of m and n. Hence D,,, and D,, have not the common factor 2. 

Remembering that D,,, = D,,/D, and D,,, = D, D, and making use of 
the results of the last two paragraphs we have the theorem :* 

THeorREM VI. The greatest common divisor of D,, and D,, is D, where v 
is the greatest common divisor of m and n. 

Since D; = 1 we have at once the following corollary: 

CoKoLLary. The integers D,, and D, are relatively prime when m and n 
are relatively prime. 

The example 


S,(2,1)=2+1=513, S,=2'4+1=17, S,=24+1=5 


shows at once that the greatest common divisor of S,, and S, is not always 


* The part of this theorem which applies to the odd divisors of D, and D, is due to Lucas 
(l. c., p. 206). 
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S, where v is the greatest common divisor of m and n. If, however, m/v 
and n/yv are both odd this simple law obtains, as we now show. In this 
case it follows from Theorem V that S, is a common divisor of S,, and S,. 
Now 

Dom = SnD 


Dey, = S,Dn, 


whence we conclude by aid of Theorem VI that the greatest common divisor 
of S,, and S, is a factor of D.,. Now 


Dz, — S,D, 


and hence we have only to examine what factors D, has in common with 
S, and S,. Now D, is a factor of D,, and D,, and S, have the greatest 
common divisor 1 or 2. Hence D, has with S,, and S, the greatest common 
divisor 1 or 2. Therefore S,, and S, have the greatest common divisor S, 
or 2S,; and in the next two paragraphs we show that the latter case does 
not arise. 

To prove that the greatest common divisor under consideration is not 
2S, it is sufficient to show that either S,,/S, or S,/S, is odd. This follows 
at once from Theorem III if a8 is even; for then S,, and S, are odd. In 
general 


and 


S._ a" +6" _ am” +B” 
Ss. a +B Ua HB 
if a = @ and g” = 8. Denote the last numerator above by S,,,, and define 
S, , in a similar way. Then Theorem III is applicable to S,,, and S,,. 
Now either m/v or n/v is prime to 3, and hence one of the numbers Sn 
and S,,, is odd if a8 and & + 8 are both odd, that is, if a8 and a + 8 are 
both odd. In this case, then, one at least of the numbers S,,/S, and S,/S, 
is odd. 

Let us next consider the case in which a8 is odd and a + 8 is even; 
say that a + 8 is an odd multiple of 2°. Then, since 


S:=a+8 
So =a’? + 3° - (a + B)* — 2a, 


it is easy to see that S; and S, are odd multiples of 2* and 2 respectively. 
By means of the second recursion formula (14) one sees that in general S, 
is an odd multiple of 2* or of 2 according as n is odd or even. Hence in 
this case S,,/S, and S,/S, are both odd, since m and » and likewise n and 
v are both odd or both even. 

Thus we have the following theorem: 


and 
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TueoreM VII. Jf v is the greatest common divisor of m and n, and 
m/v and n/v are both odd, then the greatest common divisor of S, and S, ts S,. 

We turn now to an interesting theorem of a different character, namely: 

THeoreM VIII. Let m;, mo, ---, m, and ny, No, «++, nN, be two sets of 
positive integers which have the property that any positive integer d, different 
from unity, which is a factor of (just) t integers of the second set is also a 
factor of at least t iniegers of the first set; then the number 


Du, + Dn - +> - Dun, 
Ds, - Da, - -** * Da, 
is an integer. 
This theorem is an immediate consequence of the (partial) factorization 
of D, given in equation (5). 
Corotuary I. The product of any n consecutive terms of the sequence 
D,, D2, D3, «++ is divisible by the product of the first n terms.* 
Corouuary II. The number 


. Z Se? | ee 
(D,Dz +++ Dy,)(DiD2 +++ Dy) +++ (DiD2 +++ Dy.) 


is an integer. 
This result is analogous to the theorem that the polynomial coefficient 


(ny tno+---+n,)! 
; «fy logl--+m! 
is an integer. 

Let m and n be any two relatively prime positive integers and suppose 
that the positive integer d (d + 1) is a divisor of s integers of the set 1, 2, 
--+, mand of ¢ integers of the set 1, 2, ---,m. Then d is obviously a divisor 
of at least s + ¢ integers of the set 1, 2, ---, m+n-—J1. In view of this 
fact Theorem VIII yields the further corollary: 

Corotiary III. If mand n are any two relatively prime positive integers, 
then the number 

itd DD, whe Distant 
. (D,Dz +++ Dm)(DiD2 +++ Dp) 
1s an integer. 
This theorem is analogous to that which asserts that 
(m+n-—1)! 


is an integer, provided that m and n are relatively prime. 





* The result contained in this corollary is due to Lucas, who gave, however, a very different 
proof of it (Lucas, I. c., p. 203). 
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Similarly one may prove an extended analogue of the theorem which 


states that 
(km)! (km)! +++ (km,)! 


m,!m2! +++ me! (my + me + +++ + m,)!? 
is an integer, namely: 
Coro.Luary IV. The number 


___ DpDy +++ Dim)(DiDs +--+ Dmg) +++ (Dia --- Dim) 
(D,D, ee Dd)" said (DD: Car Dmn,)*"(Di D2 ~ }) 


>~ 
Vil 


2, 











is an integer. 
Just as equation (5) was used in the demonstration of Theorem VIII 
we may employ equation (11) to prove the following theorem: 


THEOREM IX. Let m,, mo, +--+, ms and ni, No, +--+, n, be two sets of 
positive integers such that every positive integer d which is a factor of (just) t 
of the numbers ni, nz, +--+, n, with odd quotient is also a factor of at least t 
of the numbers m,, m2, +++, m, with odd quotient. Then the number 

= =e 
Sn, -Su--°* * Sn, 


is an integer. 
Coro.Luary. The product of any 2n — 1 consecutive terms of the sequence 
S,, S3, Ss, «++ ts divisible by the product of the first n terms. 
If m is any integer and q is any odd prime, it is obvious that there exist 
integers 
Q;, G2, ***, As, = “ey °° 
dependent on qg alone, such that 


amt — Bt = (a™ — A™)* + aia™A"(a™ — B™)** + a,a°™A™(a" — Am) e* 


+++ + aampm(a™ — 8"); 


whence 
(16) Boe = (a ng B) —1)),,4 + a;(a@ _ B) -“r"n,** + bid -+a,a°"3™Dn. 


Let us evaluate a,. Since it is independent of a, 8 and m, we may choose 
any convenient values for these numbers. Then put m= 1, 6 = 1, 
a = r+ 1, where, is a positive integer to be chosen at convenience. Then 


from (16) we have 
rte: 


= =a,(r+1)* modr. 


If we suppose r to be a prime number different from gq we see that a, is 
not divisible by r. If we put r = q’ it follows that a, is divisible by q but 
not by qg?. Hence a, = q. 
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Suppose now that D,, is divisible by p*, \ + 0, and by no higher power 
of p, p being a prime number; then from (16), since a, = g, we have 


(17) Dng = qoe™3'™D, mod p™. 


From this congruence it follows that p**' is the highest power of p con- 
tained in D,,,, provided that p is odd, and that p* is the highest power of 
p contained in D,,, when g is an odd prime different from p. We enquire 
further: What is the highest power of p contained in D2,,?2 We have 
Dom = DS. In Theorem III we have seen that D,, and S,, have no common 
odd factor (different from unity). Hence, if p is an odd prime the highest 
power of p contained in Dz,, is p*. If p is even, so that D,, is divisible by 2, 
it follows from Theorem III that S,, is divisible by 2. Then it follows from 
Theorem II that D,, and S,, have the highest common factor 2. Hence in 
this case D2, contains 2**!; and it contains no higher power of 2 unless 
A= 1. 

These results lead to the following theorem: 

THEOREM X. If for \ > 0, p* + 2, p* is the highest power of a prime p 
contained in D,, then the highest power of p contained in Dy, ,* ts p?**, p 
being any number prime to p. If p* = 2, then Dyn,2* contains the factor 
2°71 and D,,, is an odd multiple of 2.* 

Suppose that S,, is divisible by p*, \ > 0, but by no higher power of 
the odd prime p. Then D:,, contains p* and no higher power of p, since 


Dem a DaSm 


and D,, and S,, have no common odd prime factor. Therefore, according 
to the preceding theorem, Den, 5°, Or Dmup? - Smup®, w being prime to p, 
contains p*** and no higher power of p. Moreover D,,,,° and Sy,» 
do not have a factor p in common. Hence one of these numbers contains 
p*** and no higher power of p while the other is prime to p. Since Dom 
is a divisor of D,,,* if uw is even, we see that D,,,,,* contains p*** when u 
iseven. When y is odd S,, is a factor of S,,,,* and hence in this case Sy, p° 
contains the factor p?**. 

Thus we have the following theorem: ' 

TueoreM XI. If p*, \ > 0, is the highest power of an odd prime p 
contained in S,, and is a number prime to p; then if wis even D,,,.,° is divisible 
by p*** and by no higher power of p and S,,,,* is prime to p, while if u is odd 
Dry? 18 prime to p and Sm,,* is divisible by p*** and by no higher power of p. 





* The special case of this theorem in which » = 1 is given by Lucas (1. c., p. 210), but Lucas 
failed to notice the exceptional character of the case when p= 2. 
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3. On the Appearance of a Given Prime Factor in the Sequence 
D,, De, D3, ++>. 


If it is known that a prime number p is a factor of D,,, theorems in the 
preceding section enable us to say how p enters into D,,»*.__ In the present 
section we show that any given prime p, which is not a factor of af, is a 
factor of a certain definite number of the sequence D,, D2, D3, ---; we also 
carry out other related investigations. We have need of two lemmas, as 
follows: 

Lemma I. Jf S(a?, 8”) is any rational integral symmetric function of 
a”, B” with integral coefficients, then 

S(a?, B?) = S(a, B) mod p, 


p being a prime number. 
The proof is not difficult. From Fermat’s theorem it follows that 


(18) a?B” = a8 mod p, 
since af is an integer. Likewise 
(a + 8)? =a+ 8 mod p. 
But by the aid of the binomial formula we see that 
(a + 8B)” =a”? + B? mod p, 


since the binomial coefficients for the prime exponent p are all multiples 
of p and (a + 8)? — (a? + 8”) is therefore clearly p times a polynomial 
which is symmetric in a, 8 and has integral coefficients; that is, (a + 8)? 
— (a? + 8”) is p times an integer. Hence 


(19) a? + B? =a+ 6 mod p. 
But, since a” and £8? are roots of the equation 
2 — (a? + B”)x + a?BP = 0, 


it is a consequence of the theory of symmetric functions of the roots of an 
algebraic equation that S(a@”, 8”) can be expressed in the form 


S(a?, 8?) = P(a? + B, a8”), 


where P is a polynomial in a? + 8”, a8” with integral coefficients. From 
(18) and (19) it follows that 


P(a? + B?, a8”) = P(a + B, a8) mod p. 
P(a + B, a8) = S(a, 8B) 


But 
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and therefore 
S(a?, 8”) = S(a, 3) mod DP, 


as was to be proved. 
If m is any integer and q is an odd prime, we have an identity of the form 


(a™ — B™) 4 = (a™ — B™) — qa™s™am i) — BMD) 4 vee; 


whence it follows that 
(a — 8)7"Dnt = Dng + Ql, 


where J is an integer. Hence 


Ding = (a — 38) "D,, mod q. 
Hence, 
Lemma II. Jf m is any integer and q is any odd prime, we have 


| = ta — 3)7-"'D,, mod q- 
In particular, 


Dy = (a — 8) "Dy = +--+ = (a — 8)*°)D, mod q. 


4 


Hence, since D, = 1, it follows that D,° is divisible by q when and only 
when (a — 8) is divisible by q. 

Theorem III gives exact information concerning the divisibility of 
D, and S, by 2. We shall now consider the question of the entrance of an 
odd prime factor g. If q is a factor of a3 it follows from Theorem I that 
it does not divide either D, or S,. If it is a factor of (a — 8)* then it divides 
D,, as we readily see from Lemma II. In what follows we shall consider 
the divisibility of D, and S, by an odd prime p which is not a divisor of 
either (a — 3)* or ag. 

If in equation (15) we put m = pandn = 1 we have 





DS; <7 DS, => 2a8D,-1, 
or } 
(a + B)D, — S, = 2a8D,-1. 





From Lemma II it follows that 


D, = (a — 8)?" mod p, 
and from Lemma I that 
S, =a+8 mod p. 
Hence from the last equation we have 
(a + B)(a — 8)?" — (a + B) = 2a8D,_; mod p. 


Now (a — #)? is an integer; and therefore it follows from Fermat’s theorem 


that 
(a — 8B)?! = = 1 mod p. 
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Hence from the above congruence we have the two cases 
D,-1 =0 modp if (a — 8)? =1 modp, 
aBD,-1 = —(a+8)modp if (a —~)?"! = —1 modp. 
Now it is easy to verify that 
Dy+1 —(at+ 8)D, + aBD p-1 = 0; 
and hence we see that 
Dyi1 =0 modp if (a — 8)?! = —1 mod p. 
Therefore we have the following theorem :* 

TueoreM XII. An odd prime p which does not divide either (a — 8)* 
or a8 is a factor of D,_; or of D4: according as (a — B)?~! ts congruent to 
+ 1 or to — 1 modulo p. 

Obviously, if a — 8 is an integer (that is, if a and 6 are integers) we 
have always that D,_, is divisible by p. 

By means of Theorems X and XII we are now to prove a result of funda- 
mental importance. In order to be able to state this result succinctly we 
shall employ a number-theory function \,,(n) which we define below. It 
is convenient at the same time to define a second function ¢,,(n) which is 
intimately related to \,,(). 

Let rs and r + s be any two integers; that is, let r and s be the roots 
of any quadratic equation of the form 

r—ur+v=0 
where u and v are integers. When p is an odd prime we define the symbol 


r, 8 
by the congruence 


p 
(r—s)Pts= (%*) mod p, 


it being understood that (*. *) is the residue of least absolute value; 
whence (=*) = 0, + 1, or — 1 according as (r — s)? is divisible by p, 
is a quadratic residue of p, or is a quadratic non-residue of p. The symbol 
(" ‘) is defined thus: 


2 
r, 8 ; , 
9 |= 1, if rs is even; 


0, if rs is odd and r + s is even; 


oo, 
~~ 
to ~* 
~”A 
a 
Il 


(“ *) =—1,if rs andr+s are both odd. 


* This theorem is due to Lucas (I. ¢., pp. 290, 296, 297). Lucas’s proof, however, is different 
from that above. 
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Then if 


Nn = px" ps” +++ pe, 


where p;, p2, -*+, px are the different prime factors of n, we define ¢,.(n) 


by the equation 
k r,s 
rot) =too[n-(55)} 
i=1 Pi 


This function is similar to one introduced by Lueas, |. ¢., p. 300. It is, 
however, somewhat more general. For r = 2 and s = 1 we have 


go(n) = ¢(n), 


where ¢(n) is Euler’s ¢-function of n. The function introduced by Lucas 
does not have this interesting property of including the ¢-function as a 
special case. 

The functional value \,.(n) is defined to be the least common multiple 


of the numbers 
al < dB , = wee ° 
P. |». ( D, )| d i » 


It is obvious that \,,(n) is a divisor of ¢,,(n). 
The functions ¢,,(n) and ,,(n) have several important properties; but 
this is not an appropriate place to develop them in full. 
The fundamental theorem to be proved may now be stated as follows: 
TuHeoreM XIII. If the number n, 


nN = Py" po +++ pe", 
where pi, po, +++, px are the different prime factors of n, is prime to a8 and if 
d = Aaa (NM), 
we have 
D, = 0 mod n. 
To prove this theorem it is sufficient to show that D, contains the factor 


pi*' where 7 is any number of the set 1, 2, ---, &. This follows at once 
from previous results. For, d is a multiple of ¢,, 


,B 
st oil [>. 7 = | = pik, 


say. From Theorems XII and III and the remark following Lemma II 
we see that D,, is in every case divisible by p;; and hence from X that 
D, is divisible by p,*:. 

Corotuary.* If o = ¢,,(n), then D, = 0 mod n. 


* This corollary is essentially the same as a certain fundamental result due to Lucas, I. ¢., 
p. 300. It should be noted that Lucas’s statement of this theorem is not entirely accurate. 
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“In connection with these simple theorems concerning the divisors of 
the numbers in the sequence D,, De, ---, it should be noticed that no laws 
of corresponding simplicity obtain in the case of the sequence S,, So, ---. 
We have seen that an odd prime p which does not divide either (a — 8)? 
or af is a factor of D,_-; or of D,y;. But in the case of the sequence 
S,, S2, --- it often happens that a given prime number is not a factor 
of any term. Thus 7 is not a factor of S,(2, 1), =2"+ 1, for any 
value of nm. More generally, suppose that D;, where k is odd, has an 
odd prime factor p while p is not a divisor of any D, for »v less than k. 
From Theorem VI it follows that D,, is divisible by p when and only when 
mis a multiple of k. If we suppose that p is a divisor of S, for any given 
value of n we shall be led to a contradiction. For, since Do, = D,S,z, Don 
is divisible by p; and therefore 2n is a multiple of k. But k is odd, and hence 
nis a multiple of k. Therefore D, is divisible by p; and D, and S, have 
the common odd prime factor p, which is impossible. Hence, an odd prime 
number p which divides D,, where k is odd, and does not divide any D, for 
v less than k, ts not a factor of any Sy. 


4. On the Numerical Factors of the Forms F;(a, 8). 


We have already seen that the numbers F;(a, 8) are of fundamental 
importance in the factorization of D, and S,. We turn therefore to a 
detailed treatment of these numbers. 


Let us suppose that 
F(a, 8) = 0 mod p, y > 1, 


and that »v is not a multiple of the prime number p. Suppose that k is a 


subscript for which 
F(a, 8) = 0 mod p. 


Now* F, and F, are divisors of D, and D, respectively, while the greatest 
common divisor of D, and D, is D;, where 6 is the greatest common 
divisor of vy and k. If we suppose that 6 is different from v we shall be 
led to a contradiction; for, /, is then a factor of D,/D;, as we see from (5), 
whereas from Theorem X it follows that D,/.); is not divisible by p since 
p is a factor of D; and v/é is prime to p. Hence 6 = v; and therefore k is a 
multiple of v. 

We shall now show that F,,,,°(a@, 8), a > 0, is divisible by p but not by p’, 
except that when p = 2, v = 3, F, may be divisible by 2%. [From Theorem 
III it follows that F, is divisible by 2.] If we suppose that we do not have 
simultaneously p = 2, v = 3, a = 1, we may proceed as follows: From 





* When no confusion can arise we sometimes write Fy for Fy(a, 8). 
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Theorem IV we have 


Ds 

i = I] Fila, 8), 
where 7 ranges over those divisors of vp* which contain the factor p*. 
From Theorem X it follows that the first member of this equation is divisible 
by p but not by p®. Hence (only) one of the numbers F’,(a, 8) of the second 
member is divisible by p and it is not divisible by p*. Suppose that this 
number is that for which 7 = k. Then k is a multiple of p*. But from the 
discussion in the preceding paragraph we see that & is a multiple of ». 
Hence k = vp*, since this is the only common multiple of v and p? occurring 
as a subscript in the second number of our equation. 

From this we conclude that each of the numbers F,,, F,,:, «++ contains 
the factor p but that no one of them contains p*, except that when p = 2, 
v = 3, F; may contain 2°. 

Now consider the number F,,,°, where u is greater than unity and is 


wap? 


prime to p. It is a divisor of D,,,* D,,*; and from X it follows that the 
latter number is not divisible by p. Hence F,,,° is prime to p. 

Let us suppose that Fy°, = (a@ — 8), is divisible by the odd prime p. 
From the remark following Lemma II we see that each of the numbers 
F,, Fy:, +++ is divisible by p. Just as in the preceding argument we may 

py Fy; y / ] 3 
show that no one of the numbers F’,:, F., --- is divisible by p?, and that 
F, 2 is not divisible by p if u is greater than 1 and is prime to p and a > 0. 
The example 

a=1+.6, B8=1— wb, (a — 6)? = 24, F; = a+ a8+8* = 9 
shows that F;? may be divisible by p while F, is at the same time divisible 
by p*. If uw is greater than 1 and is prime to p and if further F, is divisible 
by p, we see at once that D, and D, are both divisible by p— contrary to 
the corollary to Theorem VI, which asserts that D, and D, are relatively 
prime since u and p are relatively prime. Hence F,, is not divisible by p. 

Now suppose that F’;° is divisible by 2. Then, since 

Fi? = (a — 8)? = (a+ 8)? — 4a8 
it follows that a + 8 is divisible by 2. That is, F, is divisible by 2. The 
example a = 2* + 1, 8 = 2* — 1 shows that F, may be divisible by any 
power of 2 whatever. By means of the relation 
ot—1 t—] o1—2 ot—2, 9 ot—2 1-2 
Fy =o + Bf = (a + BP”)? — 2a" "B? 
it may be proved, however, that F.*, a > 1, is divisible by 2 but not by 2°. 


To be continued 
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Continued from page 48. 
We shall now show that if F,, is divisible by p, where » is prime to p, 


then F,? is divisible by p. If v = 1 the result is already contained in the 
remark following Lemma II. From equation (10) we have 


F,,2(a, B) - F(a", B*') = F(a", B*). 
If »y > 1 Lemma [ is applicable, and we have 


F,,2 (a, B) . F, (a, 8) = F (a, 8) mod p- 
Hence if 
F(a, 8) = 0 mod p, 
then 
F,,2(a, 8) = 1 mod p, 


contrary to the hypothesis that 


F,,2(a, 8) = 0 mod p. 


From this argument we see also that when v > 1 and F,,« is not divisible 
by p, then 
F,,« = 1 mod p. 
If vy = 1, we have 
F,2 = (a — B)‘?-» mod p 


if p is odd, as may readily be shown by means of the remark following 


lemma II. Evidently, 

Fo. = 1 mod 2 
when 

F.> = 0 mod 2. 


Combining the several results obtained above we have the following 
fundamental theorem: 

THEOREM XIV. Let v be any positive integer and let p be any prime not 
dividing v; then 

(1) If F,,« = 0 mod p, then F,? = 0 mod p. 

(2) If F,? =0 mod p, then each of the numbers F,,, Fy»: Fyys, +++ U8 
divisible by p, and none of them is divisible by p? except when v = 1 in which 
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case F, may be divisible by a power of p* and when »v = 3, p = 2 in which 
case F, may be divisible by 22. Moreover, F,° #0 mod p unless k is of the 
form vp’. 

(3) If F,»» #0 mod p, a > 0, then F,,- = 1 mod p when v > 1 or when 
vy = land p = 2; if v = 1 and p is odd we have 


Fy: = (a — B)'""» = + 1 mod p. 


Let m and n be any two positive integers different from each other and 
from unity. We enquire what is the greatest common divisor of F,,(a@, 8) 
and F,(a, 8). If p is a prime divisor of each of these numbers it follows 
from the preceding theorem that there exists a number » prime to p such 


that 
F,? = 0 mod p, m= vp’, n= vp’; 


whence we conclude further that F,, and F,, contain p but not p* as a common 
factor. If a second prime number q is a factor of both numbers we have 
m = ug’ and n = uq’ where u is prime to g; whence 


yp? = wg’ and vp’ = ug’; or ‘= - = 3. 
,* ¥ F 

Therefore a = b and c = d; that is, m = n, contrary to the hypothesis. 
From these considerations we have readily the following theorem: 

THEOREM XV. Jf mand n are positive integers different from each other 
and from unity, then the greatest common divisor of F,,(a, 8) and F,(a, B) 
is unity or a prime p: a necessary and sufficient condition that it is p is that 
there exists a v such that 


F,? =Omod p, m= vp* and n= vp’. 


If p is any prime number which does not divide a3 then p is a factor of 
one of the numbers D,_:, D,, D,.:, as we saw in the preceding section. 
From Theorem IV it follows then that p is a factor of one number at least 
of the set F2, F3, ---, Fpsi. Now if F,,* is divisible by p so is F,’, v being 
prime to p; moreover, F’,” is not divisible by p if k is less than v, as we see 
from Theorem XIV. Hence » is not greater than p+ 1. In particular 
v does not contain a prime factor greater than p if pis odd. We may apply 
this result to the problem of finding the greatest common divisor of m and 
F,,(a, 8). We see at once that the greatest common odd divisor of these 
numbers is 1 or p, where p is the greatest odd prime factor of m; and that 
if this divisor is p and m = vp* where » is prime to p, then » is not greater 
than p +1. There are two cases in which m and F,, may have the factor 





* But if a and £ are integers and p is odd it is easy to show that F, is not divisible by p*. 
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2in common. If F; is divisible by 2 and m is a power of 2, then m and F,, 
have the greatest common divisor 2. If F; is divisible by 2 and m is of the 
form 3.2‘, then m and F,, have the factor 2 in common but not the factor 2?. 
If ¢ = 1 or 2 and F,, is divisible by 3 they contain also the common factor 3. 
These results may be put into the following theorem: 

THEOREM XVI. The greatest common odd divisor of m and F,,(a, 8) is 
1 or p, where p is the greatest odd prime factor of m; if this divisor is p and 
m = vp", where v is prime to p, then v is not greater than p+ 1. These 
numbers contain in addition the common factor 2 (but not 2?) in two cases: 
(a) when F, is divisible by 2 and m is a power of 2; (b) when F; is divisible 
by 2 and m is of the form 3.2'. 

Now, when m is greater than 1, 


D,, = IIF2(a, B), 


where d runs over the divisors of m except unity. The number F,,,, 
where p is prime, has no factor in common with any F,; other than a common 
factor of d and mp. Hence every common prime factor of D,, and Fn» 
is likewise a factor of mp. Suppose that D,, and F,,,, have a common prime 
factor q different from p. Then some F, contains the factor g; and hence 
q is a divisor of some F,? where » is prime to q, as we see from Theorem XIV; 
and therefore (Theorem XIV) gq is not a divisor of F,,,. Hence D,, and 
F,,, contain no common prime factor other than p. Again applying The- 
orem XIV we see that the greatest common divisor of D,, and F,,,, is 1 or p. 
Hence we have the following theorem: 

TueoreM XVII. Jf pis a prime number then the greatest common divisor 
of D,, and F,,, is 1 or p. 

Coro._utary. The greatest common divisor of D,, and Dy») Dm ts 1 or p. 

For, we have 


Dm» 

D,, -_ TIF xp, 
where kp runs over those divisors of mp which are not at the same time 
divisors of m. Now the greatest common divisor of F;, and D,, is a divisor 
of D,, since k is obviously the greatest common divisor of m and kp. But 
the greatest common divisor of D, and F,, is 1 or p. Also, not more than 
one of the numbers /’;, contains the factor p, as one sees from Theorem XIV, 
since all the subscripts kp contain p to the same power. Hence the corollary. 

We shall now consider a different kind of property of F(a, 8). Denote 
by P,, the greatest factor of F,, which is prime to n; and write 


F, = dP,. 
From Theorems XIV and XVI we see that |A| is unity or is the greatest 
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prime factor of n except possibly when n is of the form 3.2‘ in which case 
it is a power of 2 or such a power multiplied by 3 or when n = p, a prime 
number, in which case |! may be a power of p. The question arises as to 
the possibility that P,, shall be equal to 1; and to this we turn attention. 

There are two cases in which the results are of essentially different char- 
acter: (1) when |a| = {8}, in which case it is obvious that a and 8 are com- 
plex quantities; (2) when !a! + |8!, in which case a and § are real. In the 
former case P,, may be equal to unity for various values of n, as the fol- 
lowing examples show: 

(1) When 

a+ 6 


Dyxe = Dass al 2D, ; 


1, af =2, 
we have 
and therefore we may readily determine the following values: 
n=1,2, 3, 4, 5,6,7, 8, 9, 10,11,12, 13, 14, 15, 

16, 17,18, 
.4, <3, «% 8,47, <2, ~87, —11, 98 46, <1, ~88, ~0, 

93, 271, 85, 
rPo*@bLi, tt & Ah FF HH EBL Ll OR 
31,271, 1. 


D, 


Here P, = 1 for n = 1, 2, 3, 5, 7, 8, 12, 13, 18. 
(2) When a+ 8 = 5, a8 = 7, we have 


» a + 3 ‘ 
Fy = or ee 
a+, 

Hence in this case P,) = 1. 

(3) If a+ 8 = 2, a8 = 7, then F; = at + B' = 2. Hence P, = 1. 

(4) If a+ 8 = 3, aB = 4, then P; = 1, P; = 1. 

These examples show that for appropriate values of a and 8 P,(a, 8) 
may be unity for various values of n; in particular for all values less than 
14 except possibly 9 and 11. It is to be noted, however, that in all these 
examples a = 8'. If @ and § are real, and hence ‘a| + |8|, we have a 
different state of affairs as will now be proved. The treatment will fall 
into two parts, according as a and § are of the same or of different sign. 

Let us suppose first that the real quantities a and 8 are of the same sign. 
Without loss of generality we may take them to be positive; and this we do. 
Further, since 

F(a, B) = F (8, a), 


there is no loss of generality in assuming, as we shall do, that a is greater 
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than 8B. Now 
F3(a, B) = & + B 


and this number is to a large extent arbitrary; hence we shall suppose that 
mis greater than 2. Moreover, there is an infinite number of cases in which 
P, = 1, as we see by putting 


a+B=3-+ 2‘, aB = 3+ 2**1, 
F, = a? — aB + 8 = (a + B)? — 3a8 = 27. 


whence 


Therefore we leave out of consideration entirely the case when n = 6. 
From equation (9) we have 

i er 

(20) F(a, 8) = Pala, 8) = ey ap, se 


Dis, * MP cnan***' 


where the products denoted by II extend over the combinations 2, 4, 6, --- 
at a time of p;, po, --- in the numerator and over the combinations 1, 3, 
5, --+ at a time in the denominator, p,, po, --- being the different prime 
factors of n. 
Now we have 
a® _ BF 


D, - = q* + a*—28 . a | pr > ak, 
a—8B 


Applying this inequality to the numerator of the last member of (20) we have 


D, - MDa, -** > a, 


where 
n n 
odin $f ~~ 1}4 8f -—— ~ 1} + --- 
ee + Es )+ bee )+ 
=n—2™'142 = +2 - + °°, 


DiPi | ~DPiPiPepi' 


where m is the number of different prime factors of n. 


Now 
at* — B* a* ‘ 


se *saat* 


since (a — #8)? is an integer and a — @ is positive. Applying this inequality 
to the denominator of the last member of (20) we have 


D, = 


TDnjp,* WD» Pie 8! SO, 
where 


n n 
r=2Z - 2 


pom t 
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By division we see that the last member of (20) is greater than a’~". 
Now 


- ee. _ 2 
Pi PiPi PiPiPx 


¢(n) — 2™—', 
where ¢(n) is Euler’s ¢-function of n, since 


nN n 
gin) =n—F — see, 


Pi ~PaP 
Therefore 
(22) F(a, 3) = AP, (a, 3) > a® oo 


If we apply the inequality D, < a* to the numerator of (20) and the 
inequality D, > a‘ to its denominator we find that 


(23) F(a, B) = AP, (a, 3) < a? n)+e= S 


Now 
(a — 8)? = (a+ 8)* — 4a’. 


Since a — 3 is real and different from zero we have (a + 8)? > 4a3. But 
a3 is a positive integer, according to our present hypothesis; and hence 


a + B S a 
Also, 


a- ps ® 


-“ 


Hence a 5 2. This fact is of use in connection with relations (22) and (23). 
It is obvious that 


gia) > 2. 


Hence from relation (22) we see that if P, = 1 then > 1. Hence if n 
is neither an odd prime nor of the form 3.2', £ > 1, we must have \ equal 
to the greatest prime factor of n, since, as we have seen before, this is now 
the only possible value of \ different from unity. 

Let us consider first the case when n is of the form n = 3.2'. Here 
we have from (22), 

AP (a, B) > a®-? 5 Q*-? 

where \ has one of the values 2, 3, 6 (Theorems XIV and XVI). Hence 
ift > 2we have P, > 1. Hence we have to examine further only the case 
when ¢ = 2. To show that Pj. > 1 it is sufficient to show that Fy. > 6. 
Since (a + 8)? — 4a8 > 0 we have a*® + 8? > 2a8; and therefore 


Fy. = a — ao’ 8? + Bt = (a? + 8)? — 3a23? > a’f?. 
Hence Fi. > 6 unless a8 < 2. Considering this case we see that 


a’ + B = (a+ B)? — 208 $9 -—4 = 5, 
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since _ 
a+ B53. 


Fy, > 5 — 12> 6. 


Hence 


Hence P;2 > 1 for every positive a and £. 

We consider next the case when ) is equal to the greatest prime factor of 
n. Call this factor p and write n = vp*, where » is prime to p. Suppose 
first that v is not unity (whence p > 2). Applying relation (23) we have 


(23’) P,(a, B) < ase, 
Now 

F(a, 8) = 0 mod p, 
as we see from Theorem XIV, since in the present case p is a factor of 
F(a, 8). But F,(a, 8) is different from zero; and hence it is equal to or 
greater than p. Therefore 


F(a, 8) — Fn(a, 8) 
p 7 F,(a, B) 


,O(n)—b(v)—3-2"-2 , 
> a : 


P,(a, B) = 


the last term in this relation is obtained by aid of (22) and (23’). Hence 
P, > 1 except when ¢(n) — ¢(v) — 3.2™-* is negative. Now 


¢g(n) = p*"(p — l)¢(r); 
and therefore the exponent above may be written in the form 


¢(v)[p?(p — 1) — 1] — 3.2™-*. 
Since 


Qm—2 


¢g(v) 5 2 


the expression above can be negative only when p*"(p — 1) — 1 < 3. 
Since p + 2, this condition can be satisfied only when p* = 3. Then n 
is of the form 3.2‘, a case which we have already treated. 
In case vy = 1 we have from (22) 
oP > Grr“ 5 ar. 

If we now assume that P = 1 it follows from the last term of these inequal- 
ities that p = 2 or 3, since 2”-? > p when p 5 5. Then from the middle 
term we see that a must be unity. Therefore, since we are leaving out of 
consideration the case when n = 2, we have to examine further only the 
case when 


Now 
F;(a, 8) = oe + a8 +8? = (a + 8)? — a8 > 3a8, 


since (a + 8)? > 4a8. Hence F; > 3, so that in this case P; > 1. 





56 R. D. CARMICHAEL. 


There yet remains the case when n is equal to an odd prime p and 
\ = p', where s is an integer greater than unity. We have seen (footnote 
to Theorem XIV) that in this case a and § are not integers. If P, = 1 
we have F, = p*.. Now from Lemma II in § 3 and the fact that D, = F, 
we have 

F, = (a — 8)?" mod p. 
And hence the condition F, = p’ cannot be satisfied unless p is a factor of 
(a — 8)?.. As an example to show that this possibility can actually arise 
we have 
a+ ps =3'+1, a3 = }1(3* + 1)? — 3(3* — 1)°}, 


F;(a, 8) = (a + B)? — a8 = 3**), 


where k is any positive integer. 

Thus we are led to the following preliminary result: 

If a and B are real and of the same sign and n + 1, 2, 6, then F(a, 8) 
contains a factor (other than unity) which is prime to n except when a and 8 
are suitably chosen irrational numbers and, at the same time, n is equal to an 
odd prime factor of (a — 8)°. 

Corotuary.* Jf a and b are relatively prime positive integers, a > b, 
and n > 2, then F,,(a, b) contains a factor (other than unity) which is prime 
to n except when n = 6,a = 2,6 = 1. (Compare the more general result 
in Theorem XIX.) 

To complete the proof of the corollary it is sufficient to show that 
a = 2 and b = 1 are the only positive integer values of a and b, a > b, 
for which 


= S an DS 


k and p being integers; and this is easily done. 
Let us turn now to the case when a and 8 are real but of different sign. 
As before, we exclude from consideration the cases n = 1, 2, 6. Since 


P,(6, a) — Pla, 8) = P,(- a,— B) 


we may without loss of generality assume that a is positive and greater than 
|8|; and this we do. Now 
(a — 8)? = (a + B)? — 4a8 5 5. 
Hence 
a-BSV5>2., 
Also, 
at+B51. 


Hence a > 3/2. These inequalities will be useful in the sequel. 





* The theorem of the corollary is due to Birkhoff and Vandiver, 1. c., pp. 177-179. Compare 
their method of treatment with that in the text. 
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We have 


ack — 


2k 
Dy = a a (a + B) = (a + B)(a2*?+ a2!-1g24 .. » + 824-2) > g2k-2. 


ait azk 
Da < ca < 93 


2k+i ... pkti 2k+1 


a a 


a-8B ? “oa 


ok+1 
D 2a aie 2k+2 
2k+1 <q os =— 42a <a ° 


1. Now suppose that n is a multiple of 4. Applying the inequality 
D2, < 30°** to the denominator of (20) we have 


— om) 
IID, nm” IID, nm??? < 2a", 
where 


r=2 


n n 
—+ trey 


Di vs PiPiPr 


m being as before the number of different prime factors of n. Likewise by 
°k-—2 


means of the inequality D., > a**~* we see that 


D, ‘ IID, pp? > a’, 
where 


n 
ga — +n + T—+::-. 
PiPj 


Hence by division in the last member of (20) and further reduction we have 
(24) F(a, B) = P,(a, B) > 22at™-" > a?” > Qidim, 


since a? > 2, 

If n is a power of 2 then ) is 1 or 2 (Theorem XVI); and hence we see 
from (24) that P, cannot in this case be unity. Furthermore if P, = 1 
n can contain no odd prime factor greater than 3; for when n contains the 
odd prime factor p the last exponent in (24) is equal to or greater than 
p — 1 and 2?! > 2p unless p = 3, and hence greater than X. It is easy 
to see in a similar manner that n cannot contain 3° or 2°. Hence the only 
case left for special consideration is that for which n = 12. From (24) 
it follows that Fy. > 4, and hence if Pj. = 1 we must have \ = 6, since 
its only possible values (Theorems XIV and XVI) are 1, 2, 3, 6. This 
requires that F1. = 6, which we show to be possible when and only when 


a+ 6=1, aB = — 1. 
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For, from (24) it follows that Fi. > at; hence a < 2, whence |f| < 2. 
Therefore 


Now 


at+s=1. 


Fy. = at — a8? + Bt = (a + 8)! — 4aB(a + B)? + a°f*. 
Hence 
Fy. =l-—- 4a3 > a? 3? = 6: 
and therefore 
ag = —l. 


2. We take next the case when nis odd. If we apply to the denominator 
in (20) the inequality Do,..; < 2a** and to the numerator the inequality 
Do. > }0?*, we obtain the relation 


(25) F(a, 8) = XP, (a, 8) > 2-ati”) > Qidim—2, 


Now ) is unity or the greatest odd prime factor of n.* Assuming P, + 1 
it is easy to see from the above inequalities that n does not contain as many 
as three different prime factors; that if it contains two prime factors one 
of these must be 3 and the other 5 or 7, while no one of them is repeated; 
that if it contains only a single prime factor this prime is not greater than 
11 and occurs only to the first power unless it is 3, when it may occur to the 
second power. Thus we have to examine further only the cases n = 3, 
3°, 5, 7, 11, 15, 21. Furthermore we see from (25) that \ cannot be unity 
except possibly in the case n = 3, so that if P, = 1 we have F, equal to 
the greatest prime factor of n except possibly when n = 3. 
Now _ 
FPF; =e +a3+ 2 = (a+ 8)? — a3 §S 2. 


« 


Hence if P; = 1, \ = 3 and F; = 3,—an equation which can be satisfied 
when and only when 





a+ s=1, a3 = — 2. 
Thus we have a single exceptional case when P; = 1. 
If P, = 1 we must have 
F, = of + af? + 6 = (a? + 3)? — af? = 3, 
which is clearly impossible. If P; = 1 we have 
F, = a'+a°8 + --- +B = (a + B)' — 3aB(a + B)* + 028 = 5. 


Since af is negative it follows readily that this equation can be satisfied 
when and only when 

a+ s=1, aB = — 1, 
*In the text we are tacitly laying aside the case when \ is a power (greater than the first) 


of the greatest prime factor p of n; for this case, as we have seen, cannot arise unless p is a factor 
of (a — 8)? and n = p. 
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Thus we have here an exceptional case. 
If P; = 1 we have 


F, = a + o&°B + +--+ + 8 = (a + B)® — 5aB(a + B)* + 60°8?(a+f)*?—a*B? =7, 
which is obviously impossible when a is negative. We have 
Fy, = Dy, > fae” > 2' > 11, 
and therefore P,, + 1. Also, 
Fis = a® — a'B + a B® — aff + 0°8 — of’ + 
(a + B)® — 9aB(a + B)® + 260°8"(a + 8B)! — 240°8?(a + 8)? + aff. 
Hence F,; > 5 when a@ is negative; and therefore P;; + 1. We have 


Ds. 1 70 12 
Fu = D; D, - Da? - 2a8 — oa > B> 7; 

and hence P.,; + 1. 

Thus we have completed the investigation of the case when n is odd. 

3. Let us consider finally the case in which n is an odd multiple of 2. 
From the inequalities D., > a**~* and Ds,,,; > a**~* we see that in general 
D, > a’~*; and from the inequalities Do, < 3a** and Doi < a®**? we 
see that D, < a’*!, Applying the inequalities D, > a’~* and D, < a’*! 
to the numerator and the denominator respectively of (20) we obtain without 
difficulty 
(26) F(a, B) = XP,,(a, B) > ab", 


Now ) is either unity or the greatest prime factor of n. Then, since a>3/2 
we see from (26) that if P,, = 1 n contains no prime factor greater than 13 
and that such prime factor can enter only to the first power except in the 
case of 3 which may enter to the second power; that if n contains two odd 
prime factors one of these is 3 and the other is 5 or 7 or 11 while no one of 
them is repeated; and that n does not contain three different odd prime 
factors. 
Let n = 2-3. p where p is 5,7 or 11. Then 


Ds>p . D, . D; ‘ Dz a®P-2 . Agri. 1g? _ 


2 eae: = $0776 > DQp-4, 


= > — . 
Ds» : D2, . D,; ’ D, 2a3P-! . Sar? : sae . 


From this inequality it follows that the only possible value for p is 5. For 
this case we have 


Py) = af + a8 — 0° 8* — a8! — 058° + a8" + BP 
= (a + 8)’ — TaB(a + B)* + 140°6(a + B)* — 8a°B%(a + 8)? + aft > 9. 
Hence P3) + 1. 


Foy 


—- 



























60 R. D. CARMICHAEL. 


Suppose next that n = 2p, where p is 5, 7, 11 or 13. Then 


2p—2 —3 
F. = De» Diy a? ' ,=ar>(5)’ 


“e By« De” Ba? - det 2 
From these relations it follows that p = 5 or 7. For p = 5 we have 
Fy = at — a®8 + 0°83? — a8 + Bt = (a + B)' — 5aBla + B)* + 50°? > 5; 
and hence P;, + 1. For p = 7 we have 
Fy, = a® — a8 + at? — a3’ + a*3' — af’ + 8 
= (a+ 8)' — 7a3(a+ 8)'+ 14a’s*(a + 8)? — 7a*s* > 7; 


and hence P;; + 1. 

There remains yet the case n = 18. We have 

Fy = a® — a®8? + 8 = (a? + 8°)? — 3a%3? > 3. 

Hence P;; + 1. 

The various results contained in the immediately preceding discussion 
may be summarized into the following theorem: 

THeorEM XVIII. Jf a and 8 are real and if n + 1, 2, 6, then F(a, 8) 
contains a factor (other than unity) which is prime to n in all cases except when: 


(a) a and 8 are suitably chosen irrational numbers and n is equal to an odd 
prime factor of (a — 8)*; 


(b) n= 3, a+ p= l, as = — 2; 
(c) n = 5, a+pB l, ag= — 
(d) n = 12, a+tp= ] 


: api= — 


The following particular case is of sufficient importance to merit separate 
statement: 

THEOREM XIX. If a and b are any relatively prime integers and n > 2, 
then F(a, b) contains a factor (other than unity) which is prime to n in all 
cases except when 
(a) n= 3, a+b= =+1, 

(b) n = 6, a+b= +3, 


To complete the proof of this theorem it is further necessary (and 
sufficient) to determine the general solution in relatively prime integers 
a + 6 and ab of the equation 


F.(a, b) = a — ab+ Bb = (a + b)? — 3ab = 2* - 3, 


where k and p are integers. This is easily done, and the work is omitted 
here. 


Lucas (1. c., p. 199) makes the statement that neither D, nor S, can be 
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prime unless n is prime. The treatment in this section makes it easy to 
construct examples to show that this statement is not accurate. Thus if 
a+ B= 1 and af = 2, we have 


D, = — 3, D, = 5, D; = — 3, D, = — 17, Dy = — 11, 
Dy, = — 89, Dos = 181; Sy = — 5. 


Equations (5) and (11) make it evident, however, that a prime value for 
D, or S,, when n is not prime, is of relatively rare occurrence. 


5. Characteristic Factors of F,, Dn, Sn. 


The number F, = a — £ is not in general an integer, but F'? is always 
an integer. Consider then the sequence of integers F;’, F2, F3, ---. By 
a characteristic factor of F,, we mean a prime divisor of F,, which is not a 
factor of any number of the set F;?, Fo, ---, Fn. 

Similarly, a characteristic factor of D,(S,) is a prime divisor of D,(S,) 
which is not a factor of any D,(S,) for which » is less than n. 

Examples given in the preceding section show that when a and 8 are 
complex quantities it may often happen that F,, D, and S, do not possess 
characteristic factors. Hence in the “ existence theorems ” of the present 
section we confine attention to the case when a and £ are real. 

From Theorem XIV we have the following result: 

THEOREM XX. A _ necessary and sufficient condition that a prime p 
which divides F,, shall be a characteristic factor of F,, is that p shall not be a 
divisor of n. 

From Theorems XVIII and XX it is easy to deduce the following: 

THEOREM XXI. Jf a and 8 are real and if n + 1, 2, 6, then F(a, B) 
contains at least one characteristic factor in all cases except when: (a) a and B 
are suitably chosen irrational numbers and n is equal to an odd prime divisor of 
(a — §)*; 

(b) n=3, at+fBP=2+21, af = —2; 
(c) n=5, at+B=21, aB=—-1]1; 
(d) n=12, a+tB=21, aB=-—1. 


From equations (5) and (11) follows the theorem: 
THEOREM XXII. A characteristic factor of Fn»(F2n) is also a char- 
acteristic factor of D,(S,). 
Hence,* 
THEOREM XXIII. Jf aand Bare real and n + 1, 2, 6, then D, contains 


* Compare Birkhoff and Vandiver, 1. c., p. 177, and Lucas, I. ¢., p. 291. For the case when 
a and @ are integers Lucas states that for n sufficiently large it is ‘‘evident”’ that D, has one or 
more characteristic factors. In what way the fact is “evident”’ is not clear. 





saditue id, eles? ate dhe 
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at least one characteristic factor except when 
n=12, a+B=21, aB= —-1. 
THEOREM XXIV. Jf aand Bare real and n + 1, 3, then S, contains at 
least one characteristic factor except when 
n=6, a+@=+1, agB=—-1. 
These results, together with Theorem XIX, lead to the following: 


THEOREM XXV. Jf a and b are relatively prime integers and n > 2, 
then S, contains at least one characteristic factor except when 


n=3, a+b= +3, ab = 2, 
while D,, contains at least one characteristic factor except when 


n=6, a+b= +3, ab=2. 


Suppose now that p is an odd characteristic factor of F(a, 8), n > 1. 
Then p is prime to (a — 3)* by definition of characteristic factor and to a8 
by Theorem I in connection with equation (5). Hence from Theorem XII 
it follows that p is a divisor of D,_, or of D,.; according as (a — 8)?" is 
congruent to +1 or to —1 modulo p. From this, in view of equation (5) 





and Theorem XIV, it follows that n is a factor of p — (=), where 


Qa, , , 
( f) = +1 or —1 according as (a — 8)” is congruent to +1 or 


to — 1 modulo p. Hence p is of the form p = kn + (=.*), and we have 


the following theorem: 
THEOREM XXVI. A characteristic factor of F(a, 8) is of the form 


a, B 
kn + (=! ) : 


Corotuary. Jf a and b are relatively prime integers a characteristic 
factor of F(a, b) is of the form kn + 1. 

This theorem and corollary lead at once to the known results (Lucas, 
l. c., p. 291) concerning the form of the characteristic factors of D, and S,. 

The above theorem gives the linear form of a characteristic factor of 
F,. We may also determine a quadratic form of which F,, and conse- 
quently any one of its factors, is a divisor. We have 


(a — B)* D,? as 5. — 4a"B", 








as one may readily verify. Then, since F,, is a divisor of D, by equation 
(5), if we take n odd we have at once the following result: 
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THEOREM XXVII. The number F2i4:(a, 8) is a factor of the quadratic 
form x? — apy’. 

The equation above may also be written 
4q"t1grtl a aBla an B)*?D,? 

as sl 
Then, since F2, is a divisor of S, by equation (11) and is also prime to a8 
by Theorem I and equation (5), we have 

THEOREM XXVIII. The numbers F442 and Fy, are divisors of the quad- 
ratic forms x* + a8(a — 8)*y® and x* + (a — 8)*y? respectively. 

As an example let us consider the case when a8 = 3 and a + 8 is not 
divisible by 3. Then an odd characteristic factor of F2,:4; is a divisor of 
the quadratic form x? — 3y’; and hence is of one of the linear forms 12z = 1. 
It is also of one of the linear forms m(2k + 1) = 1. In particular a char- 
acteristic factor of F2; is of one of the forms 


300s + 1, 300s + 49. 





S,? = 4a"B" + (a — 8)°D,? = 


Moreover, F2; can contain no prime factor which is not characteristic unless 
(a — 8)? is a multiple of 5. But 


(a — 8)? = (a + B)* — 4a8, 
and is not a multiple of 5, since this would require the impossible relation 
(a + 6)? = 2 mod 5. 


Hence, in the present case, every prime factor of F2; is of one of the forms 
given above. Asa particular example, if a + 6 = 2, we have F2; = 56,149. 
Since this number is less than 299? and is not divisible by 251, it is easy 
to see that it must be prime. 


6. Some Applications of the Preceding Results. 


One of the results in Theorem XIV may be used to obtain a very simple 
proof of the following special case of Dirichlet’s celebrated theorem con- 
cerning the prime terms of an arithmetical progression of integers: 

TueoreM XXIX. In the sequence of positive integers p*x — 1, where 
k is a positive integer, p an odd prime and x runs over the set x = 1, 2, 3, ---, 
there is an infinitude of prime numbers. 

To prove this theorem we choose a and £ so that (a — 8)? is a quadratic 
non-residue of p; that is, so that 


(a — 8)?! = — 1 mod p. 


That this is always possible is readily seen as follows: Let p be any quad- 
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ratic non-residue of p of the form 4m + 1. Let o be any odd integer which 
is prime to p. Then write 


(a-B) =p, atB=a, 
whence 
a8 = io — p). 
Then obviously a + 8 and a@ are relatively prime integers; and therefore 
the determination of a and 8 from the above equations suffices for our 
purpose. 
Now from the latter part of Theorem XIV we see that with these values 


of a and 8 we have 
F 2-1 = — 1 mod p, 


where r is a positive integer. Hence every prime factor of F',2,+: is a char- 
acteristic factor; and any such factor, as we have seen before, is of the form 
mp**! — 1. Consider the set of numbers 


F y2r~1, 5. 2, 3, sits 


When 2r + 1 is greater than / the rth number of the set contains a prime 
factor of the form p*‘x — 1. But the numbers of the set are prime each to 
each (Theorem XV). Therefore there is an infinitude of primes of the form 
p*x — 1, as was to be proved. 

In a similar way, and even more readily, it may be shown that the se- 
quence nz + 1, x = 1, 2, 3, ---, always contains an infinitude of prime 
numbers. For this result compare Lucas, |. ¢., p. 291, and Birkhoff and 
Vandiver, |. ¢., p. 177. 

A large number of other special cases of Dirichlet’s celebrated theorem 
may be simply proved by modifications of the foregoing method. This 
remark will be sufficiently illustrated by a proof of the following theorem: 

THEOREM XXX. There is an infinitude of prime numbers of the form 
2* . 3x — 1, where k is any positive integer. 

To prove this take 

a+ 68 = 5, 
whence 
(a — B)* = — 3. 
Then (Theorem XXVIII) every divisor of F,,, n > 1, is a factor of the 
quadratic form z? — 3y*. If it is an odd prime it is therefore of one of the 
linear forms 122+ 1, 122-1. If nS k, it is also of one of the forms 
2*z2 + 1,2*z —1. Hence it is of one of the forms 2’ - 3x + 1, 2*» 3x — 1. 
Now we have 


Fin _— on"! + pa _ (a2"~? + p-*)? ~~ 2a2"-282"-? = | = 2a"-2g2"-?- 
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and therefore in the present case F,, may be determined by the following 
method of recursion: 


F,=5, Fp =S-2-7=11, Fe =112-2-7=23, «.. 


It is obvious from this that every F,, is of the form 6k — 1. Therefore, 
since every prime factor of F,,, n S k, is of one of the forms 2* - 32 » 1 
it follows that for every n greater than k F,,, contains at least one prime 
factor of the form 2* - 3x — 1. Moreover F,, and F,, have no common 
factor (other than unity) when m and n are different (Theorem XV). 
Hence the set F,, Fy, Fy», «++ contains as divisors an infinitude of prime 
numbers of the form 2* - 3x — 1. Hence the theorem as stated above. 

This theorem taken in connection with the fact that there is an infinitude 
of primes of the form nz + 1 leads to the following interesting corollary, 
also a special case of Dirichlet’s theorem: 

Coro.tuary. There is an infinitude of prime numbers of each of the forms 
4n + 1,4n — 1, 6n + 1, 6n — 1. 


7. On the Verification of Large Prime Numbers. 


Lucas (1. ¢., pp. 301-317) has given some remarkable theorems which 
suffice for the determination of large prime numbers of given forms; these 
theorems grow out of a fundamental result which Lucas states essentially 
in the following form: 

If D, is divisible by p for v = p — 1 and for no value of v which is a factor 
of p — 1 then p is prime; likewise, if D, is divisible by p for v = p+ 1 and 
for no value of v which is a divisor of p + 1 then p ts prime. 

As thus stated the theorem is not entirely accurate; it fails when p = 4, 
as is shown by the following example: 


a+ Bp = 3, aB = l, D, = s D, = 3, D; = 8. 


The theorem is true, however, if the further restriction is made that p is 
odd. It becomes, then, a corollary of our Theorems XXXI and XXXVI 
below. 

Some of our results concerning the numbers F,,(a, 8) enable us to state 
general theorems which are related to those of Lucas, but are simpler in 
form and at the same time more far-reaching and complete. In this section 
we prove these theorems and develop certain of their consequences. 

We begin with the following three closely related theorems: 

TureoremM XXXI. A necessary and sufficient condition that a given odd 
number p is prime is that there exist relatively prime integers a + 8 and a8 
such that F ,~:(a, 8) is divisible by p. 
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THEOREM XXXII. A necessary and sufficient condition that a given 
odd number p is prime is that there exist relatively prime integers a and b such 
that F,-:(a, b) is divisible by p. 

THEOREM XXXIII. A necessary and sufficient condition that a given 
odd number p is prime is that an integer a exists such that F p,(a, 1) ts divisible 
by p. 

For the demonstration of these three theorems it is obviously sufficient 
to prove the following two statements: If p is prime an integer a exists 
such that F,-:(a, 1) is divisible by p; if Fp-1(a, 8) is divisible by p then p 
is prime. We consider separately the proofs of the two statements. 

If p is an odd prime number then there exists a positive integer a (less 
than p) such that a* — 1 is divisible by p for x = p — 1 but for no smaller 
value of z, as is well known from the theory of primitive roots modulo p. 
Hence D,(a, 1) is divisible by p for x = p — 1 but for no smaller value of 
x, since obviously a — 1 is prime to p. But 


D,-1(4a, 1) = IF ,(a, 1), 


where d ranges over all the divisors of p — 1 except unity. Now, F,(a, 1), 
d < p — 1, is not divisible by p; for, if so, Da(a, 1) would be divisible by p. 


But the first member of the above equation contains p as a factor and 
hence the second does also; and therefore F,_;(a, 1) is a multiple of p. 
That is, when p is prime an integer a exists such that F',_,(a, 1) is divisible 
by p. 

Now let us suppose that F’,_:(a@, 8) is divisible by p. From Theorem 
XIV it follows that F,(a, 3) is divisible by p only when » is of the form 
v = (p—1)p*. Hence D,(a, 8) is divisible by p only when » is a multiple of 
p — 1, as is readily seen from equation (5). But (Theorem XIII) if 
\ = A.s(p), D,(a, 8) is divisible by p. Hence d,,(p) is a multiple of p — 1. 
Since p is odd it follows at once from this and the definition of \,,(p) that 
pis prime. Therefore, if Fp-:(a, 8) is divisible by the odd number p then 
pis prime. This completes the demonstration of the theorems above. 

Owing to the difficulty of reckoning out the value of F,_; in general 
the above theorems are not convenient in practice for the verification that 
a given number p is prime unless p is of special form. Like all other known 
tests for determining the character of a number as to being prime they are 
usually unwieldy for purposes of reckoning. But that in particular cases 
of interest they give tests which are remarkably easy of application is 
evidenced by the special results which we are now to deduce. 

Let p be of the form 


n> 1. 
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Then 





p—l p-3 


F ,_-1(a, 8) =a? +s", 






as one may readily show. 

Let r be any odd prime of which p is a quadratic non-residue. Then, if { 
p is prime, r is likewise a quadratic non-residue of p, as the theorem of ' 
quadratic reciprocity shows. Hence when p is prime we have 















p-l 


r? +1 =0mod p. 












| 
Furthermore, from Theorem X XXIII and the value of F,_; in the present 
case, it follows that p is prime when the above congruence is satisfied. 
Hence we have the following theorem:* 
THEOREM XXXIV. Jf p = 2" +1, n > 1, andr is any odd prime of 
which p is a quadratic non-residue, then a necessary and sufficient condition 
that p is prime is that 











p— 


1 
r* +1 =0 mod p. 






CorROLLARY. <A necessary and sufficient condition that p = 2” +1, 
n > 1, is prime is that 





p-! 


3* +1 =0modp. 







Thus it may be verified readily that 







3°° + 1 = Omod 2" + 1, 






whence it follows that 2’ + 1, = 65,537, is a prime number. 
In testing a given number p of the form 2” + 1 as to its prime character 
one would reckon out successively the residues modulo p of the numbers 







37, 3%, 3%, 3%, 









If the vth residue is — 1 and if this is the first one which is — 1, then p 
is prime if and only if y = n. Furthermore, from Theorem XXVI, corollary, 
it follows that when » is not equal to n the divisors of the composite number 
p are of the form 2’k + 1. 

As another special case let us assume p to be of the form 













p= 2". ¢ +1, 


* This theorem and corollary should be compared with a related theorem due to Pepin (see 
Comptes rendus de l’académie des sciences, Paris, 85 (1877): 329-331). 





6 R. D. CARMICHAEL, 


where g is an odd prime. Then from equation (10) we have 


aa a B2*a 


F,. = a? + B™ * 


Hence from XXNXIII we have the following theorem: 

THEOREM XXXV. Jf p = 2**!- q+ 1, where q is an odd prime, then a 
necessary and sufficient condition that p is prime its that an integer a exists 
such that 

a*t+ ] 


oe 0 mod p. 


CorROLLARY. A_ necessary and sufficient condition that 2**'3 +1 is 
prime is that an integer a exists such that 


a?**! — qg** + 1 = 0 mod 2¢*'13 4+ 1. 


It is obvious that such special theorems as these may be obtained in 
unlimited number from our general results in XXXI to XXXIII. It is 
unnecessary to develop them further. It is, however, desirable to say a 
word in regard to the matter of actual verification of large primes by means 
of these theorems. For this purpose it will be convenient to speak briefly 
concerning the corollary above. Having selected a number a for trial 
one would reckon out successively the residues of 


6,¢,¢c@, 
say 

Poy Ply Pry 
where 


p2 = pis1 mod 2**! . 3 +1. 
Each number p, is thus readily obtained from the preceding one. Now if 
Pert — pe + 1 =0 mod 2**! . 3 + 1, 


then 2‘*1.3+ 1 is prime. It is thus seen that when the reckoning is 
carried out in an appropriate manner it can be done with rapidity. 

Thus in order to verify that 2" - 3 + 1 is prime it would be sufficient to 
reckon out successively 41 residues modulo p, each one being determined 
from the preceding one by squaring and reducing modulo p,—if we suppose 
that an appropriate choice of a has been made. But it is only in special 
cases that we may be certain, in advance of the reckoning, that an appro- 
priate choice of a has been made. Compare the corollary to Theorem 


XXXIV. 
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As a correlative of Theorems XXXI to XXXIII we have the following: 
THEOREM XXXVI. A sufficient condition that an odd number p is prime 
is that there exist relatively prime integers a + 8B and aB such that 


F ,.:(a, 8) = 0 mod p. 


The proof is analogous to that employed in the demonstration of a part 
of Theorem XXXI. When F,,:(a@, 8) is divisible by p it follows from 
Theorem XIV that F(a, 8) is divisible by p when and only when + is of the 
form 

vy = (p+ 1)p*. 


Hence D,(a, 8) is divisible by p only when » is a multiple of p + 1, as is 
readily seen from equation (5). But D,(a, 8), 


A = dap(p), 


is divisible by p, according to Theorem XIII; and therefore \,,(p) is a 
multiple of p+ 1. It is obvious that this statement is true of an odd number 
p only when p is prime. Hence the theorem. 

We shail now apply this general result to the determination of a necessary 
and sufficient condition that numbers of the form 2" — 1 shall be prime, 
thus obtaining as a corollary of our general theorem an important result 
which is due to Pepin (Comptes rendus de l’académie des sciences, Paris, 
86 (IS77): 307-310). 

Suppose that p = 2" — 1 isa prime number. Let r be a prime number 
of the form 4k + 1 and write r = a? + b*, where a and b are integers. Take 


a+ 8 = 2a, a8 = a+ B, 
whence 


a=a+bv-1, B=a-—bv-1. 


Suppose further that r is chosen so that p is a quadratic non-residue of r; 
then r is likewise a quadratic non-residue of p, as the law of quadratic 
reciprocity shows. Now Pepin (I. ¢., p. 307) has shown that if r is a quad- 
ratic non-residue of p, then 


p+ p+ 


a? +8? =0mod p. 


Applying this to the present case, we see that if p is prime it satisfies the 
relation 
F y4:(a, 8) = 0 mod p. 


But, according to the above theorem, if p satisfies this congruence it is 
prime. Hence we have the following corollary: 
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Coro.tuary. Let r be a prime number of the form 4k + 1 of which 2" — 1 
is a quadratic non-residue, and write r = a® + b? where a and 6 are integers. 
Put 


a=at+bv-1, B=a-—bv-1. 


Then a necessary and sufficient condition that 2" — 1 is prime is that 


Fon = a”) + 82""" = 0 mod 2" — 1. 


It should be noticed, for purposes of reckoning, that we have the re- 
currence relation 
. 9 an 
Fora = Fy” — 2(ad)? 


and that each of the terms of this equation represents an integer. 


InpIANA UNIVERSITY, 
November, 1912. 








GEOMETRIC CHARACTERIZATION OF ISOGONAL TRAJECTORIES 
ON A SURFACE.* 


By Josepy LipKa. 


§1. The family of ~* isogonal trajectories of a simple system of «1 
curves in the plane has formed the subject of several investigations. Cesa- 
rof first stated the remarkable theorem that for the «! curves, of a family 
of «* isogonals, which pass through a given point, P, of the plane, the 
centers of curvature lie on a straight line (called the Cesaro line), or, in 
other words, the circles of curvature have another point, P’, in common. 
Sheffers, in three papers,f discussed the same family of curves; in particular, 
he studied certain reciprocal families of isogonals arising from the point- 
to-point transformation of the plane set up by the correspondence of P 
and P’ of the Cesaro theorem; also certain point-line transformations set 
up by the correspondence of a point P and its associated Cesaro line. 

Kasner§ studied, for euclidean space, another class of curves, viz. 
natural families of curves, the extremals connected with variation problems 
of the type | Fds = minimum, where F is any point function and ds is the 
element of arc in the space considered.) In the plane, he found that for 
such a family of «* curves, the same theorem as stated above for isogonals 
holds true. He then characterized a natural family by the additional 
property that for the «! curves of the family which pass through a given 
point of the plane, the two circles of curvature which there hyperosculate 
their respective curves are orthogonal. Now considering a family of 2? 
curves as being composed of %* lineal elements, he showed that if in any 
isogonal family we rotate each lineal element about its initial point through 
a right angle, keeping its curvature unchanged, the new «® lineal elements 
form a natural family, thus characterizing a family of isogonals and com- 
pleting the work of Cesaro and Sheffers.© 


* Presented to the American Mathematical Society, January 1, 1913. 

t Lezioni di Geometria intrinsica, 1896; or Vorlesungen iiber Natiirliche Geometrie, 1901, 
p. 148. 

t Leipziger Berichte, 1898, pp. 261-294; ibid., 1904, pp. 105-116. Math. Annalen, 1905, 
vol. 60, pp. 491-531. 

§ Trans. Am. Math. Soc., 2d Series, vol. 11 (1909), pp. 201-219. 

|| Among such extremals, the family of 2? trajectories arising in a conservative field of force 
for the same constant of energy, s probably the most familiar example. 

{ Isogonals in the plane have also been characterized in a different way by W. M. Smith, in 
his dissertation, “Simply Infinite Systems of Plane Curves,’’ 1912. 
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In a recent paper,* the author gave the geometric characterization of 
natural families of curves in a general curved space of n-dimensions, and 
briefly indicated that, in the case where n = 2, i. e., on an ordinary surface, 
the family of isogonals possesses one of the properties also possessed by a 
natural family. It is the purpose of this paper to give the complete geo- 
metric characterization of isogonal trajectories on a surface, and to exhibit 
the relations existing between isogonal and natural families of curves on 
any surface. 

9 


$2. If we take an isothermal system of curves as parameter curves 


on the surface, we can write the element of are length in the form 
(1) ds? = \(u, v)[du? + dv’). 


With this system of parameter curves, the angle, 2, which a curve passing 
out in the direction dv,du makes with the v-parameter curve, becomes 
simply? 

dv 


(2) tan 2 = = p’. 
du 


We can therefore represent any simple system of «! curves on the surface 
by 

/ 
(3) v = tan Q(u, v). 


If we turn each lineal element w, v, v’ about the point u, v through a constant 
angle a, we get 


(4) v = tan (2+ a) 


as the equation of the ~! isogonals which cut (3) at a constant angle a 
To get the complete family of x? isogonals, we need merely differentiate 
once more and eliminate a, thus getting 


(5) v’” = (Q, + Q,v’)(1 + v”) (type I) 


as the differential equation of the complete set of isogonals of the simple 
system (3). 

On the other hand, starting out with the problem of finding the ex- 
tremals connected with a variation problem of the type 


(6) f Fu, v)ds = SF VA(1 + v")du = f Hdu = minimum 


* Trans. Am. Math. Soc., 2d Series, vol. 13 (1912), pp. 77-95. 
t As the previous paper contains only a statement (without proofs) of the theorems concerning 
natural families on an ordinary surface (n = 2), it has seemed best to embody here a fuller treat- 
ment of these curves also. 

{ Throughout the paper primes refer to total derivatives with respect to u; and literal sub- 
scripts to partial derivatives. 
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and applying the Euler condition for the vanishing of the first variation, 
viz., 

(7) H, — H,., — w'H,, — v"H,,' = 0 

we get 

(S) v” = [(log F vA), — (log F v\),v'](1 4+ 0”) (type N) 


as the differential equation of the natural family of curves. 

We notice that (5) and (8) are merely special forms of a more general 
type 
(9) vo” = (py — or’) (1 + v”) (type V) 


which reduces to type I or to type N according to the restriction 


(10’) ¥, +d, = 0 
or 


(10°’) Yu — o = 0. 


Equation (9) represents «* curves, of which ~! pass through any given 
point, one in each direction on the surface. 

§ 3. Consider a point P on the surface. The geodesic curvature and 
center of geodesic curvature of a curve through P are respectively the 
curvature and center of curvature of the orthogonal projection of the curve 
on the tangent plane to the surface at P. We shall take the point P as 
origin of codrdinates, the tangent plane as the xy plane and the codrdinate 
axes as the tangent lines to the wu and v parapeter curves. Applying the 
formulas for the radius and center of geodesic curvature 


(11) _ vw” — [(log vA), — (log vA) wv]. + v”) 


vvA(1 + v”)! 
and 
v’ 1 
(12) Pos 7 = Po 


v1 + py” ° v1 af- py” 


to the curves of type V, we get 


(13) 1 _ [y — (log vd),] — [¢ — (log VA) ule” 


Po YA(1 + 0”) 


Now if we keep uw, v fixed and allow v’ to vary, the center of geodesic curvature 
will describe a certain locus; we get this by eliminating v’ and p, from 
equations (12) and (13), thus arriving at the linear equation 


(14) [@ — (log vA).Jé + [¥ — (log vA).]Jn = VA. 


Hence we have the theorem: 
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Property A. The locus of the centers of geodesic curvature of the «} 
curves of the type V (and therefore of type I or N) which pass through a given 
point, is a straight line. 


Conversely, if we have any system of ©? curves on a surface, say 
(15) vy” = x(u, 2, v’), 


for which the centers of geodesic curvature of the curves through any point 
lie on a straight line, say 


(16) a(u, vi + Blu, v)n = ACU, v), 


we find, by introducing the values of £, 7, p, from (11) and (12), that 


(17) y= {[8 _ (log VA). _ la + (log vy) Je 4 ’?) 


is the differential equation of the x* curves. This is of the type V. Prop- 
erty A therefore characterizes the curves of type V. 

$4. For each curve c of type V which passes through a point P, we 
may draw the curve g which osculates (has 3-point contact with) c, 
and which has constant geodesic curvature (that of c at P) throughout. 
We call g the osculating geodesic circle of c. The question arises: in how 
many directions through P do the curves g hyperosculate (have 4-point 
contact with) the corresponding c curve? To answer this we need simply 
apply the condition 


| ip, 
(18) 7 = 0 


to the form (13), and we get 


(19) av” + Br’ +7 = 0, 
where 


a= Oe ~ 4) + DA. ~ BA. 
vy = 4*(by — ¥.) + 2 — BAD, 
B = 4M" [ (Ye et Pu) ae (y? — ¢’)| + 2r(Auu a Arr) — 3(Au>— Ap’). 


Hence, as a consequence of property A, the curves of type V are such that 
there are two directions through every point in which the osculating geodesic 
circles hyperosculate their corresponding curves. 

For the two directions given by (19) to be perpendicular, it is evidently 
both necessary and sufficient that we have a = ¥, i. e., d — Wu = 0, 
which is the condition (10’’) that the curves of type V should form a natural 
family. Hence we have the theorem: 

Property B. For the curves of a natural family, the two directions through 
each point in which the osculating geodesic circles hyperosculate their corre- 
sponding curves, are orthogonal. 
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But there is no such simple property which decides whether a system of 
type V is a system of isogonals. 

§ 5. As was observed in §1, we may, in the plane, start with any 
isogonal family, rotate each of its ~* curvature elements about its initial 
point through a right angle, preserving its curvature, and thus get a new 
set of «* elements which form a natural family. The question arises 
whether a similar process will hold for any surface, replacing “‘ curvature ” 
by “ geodesic curvature,” of course. 


For any curve of type V given by ¢, y, in a direction v’, we have from (13), 
1 _ [¥ — (log vA).] — [@ — (log vd),]o” 


(20) ; 
Po YA(1 + 0”) 


For a curve of type V corresponding to ¢, ¥ and in a direction perpendicular 
to the first direction, i. e., in the direction — (1/v’), we have 

1 [ — (log vX).) + (0 — (log vi). 

Py YA(1 + 0”) 


for the equality of these geodesic curvatures, we must have 


(21) 


(22) od — (log WA)u = y — (log VA)> y — (log VA)» = —¢+ (log Vd) us 
Now if the first system is isogonal, then ¥, = — ¢., and if the second system 
is natural, then ¢, = ¥.; applying these relations to the quantities involved 
in (22) we get 

(23) (log A)uu + (log A)rw = O. 


But f K denotes the Gaussian curvature of the surface, we have* 


(24) K=- Ma [log \)uu + (log A) vv. 


Hence, the only surfaces on which the above mentioned transformation is 
possible are the surfaces of zero Gaussian curvature, t. e., developable surfaces. 

We must therefore modify the above mentioned transformation. We 
may easily do so by not requiring the preservation of the geodesic curvature. 
Thus we may write (20) in the form 


1__ y—¢ (log vA), — (log VA) wv" 
Po VX(1 + v”) YA(1 4 v’) 


By comparison with (11) we see that the second term of the right member 
represents the geodesic curvature of that curve of the system v’’ = 0 
which passes out in the direction v’. Now the equation 


(25) 


* Bianchi, Vorlesungen iiber Differentialgeometrie, p. 68. 
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(26) v’ =0 


is evidently the differential equation of the isogonals of a simple (') 
system of curves which form an isothermal set on the surface, i. e., corre- 
sponding to 2 = constant. We must also note that (26) is also a natural 
fami y, corresponding to F = d!. In general, the only families on a 
surface which are both isogonal and natural are the isogonals of an isothermal 
system, for we must have two restrictions on ¢, y, viz., 


¢,—-¥.=0 and ¢,+y = 0, 
i. e., Q satisfies the Laplacian 
Ses rT tag = 0, 


hence the curves (3) form an isothermal set. We might thus expect that 
the isogonals of an isothermal system, in their dual role, would lead to the 
solution of our problem. 

In fact, if we subtract the geodesic curvatures of the family ¢, y and 
the family v’’ = 0, we get 


! / 
~ — ¢ot 
(27) = 


YA(1 + vr") 


and in order that this expression shall represent the curvature of the family 
¢, y in the perpendicular direction — (1 v’) as given by (21), we must have 


(28) @— (log vA)u=¥, YY — (log Wr), = — 4. 
Then if the ¢, y family is isogonal, i. e., ¥. = — ¢,, it follows immediately 


that , = y,, i. e., the 4, v family is natural. 

Defining corresponding geodesic curvature elements on a surface as two 
elements which have the same initial point and the same direction, we may 
state 

Property C. If from the geodesic curvature of the «* geodesic curvature 
elements composing an isogonal family, we subtract the geodesic curvature of 
the corresponding =x* elements of the isogonals of an arbitrary isothermal 
system, and then rotate,each element through a right angle, the «* new elements 
will form a natural family.* 

We thus have a test for an isogonal family. Given any «*? curves on a 
surface, construct the isogonals of an arbitrary isothermal system. In a 
given direction through a given point there passes one geodesic curvature e'ement 
of each family; construct a new element through this point and perpendicular 
to this direction, and whose geodesic curvature is equal to the difference of the 


* Of course the direction of rotation is the same for each element. 
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geodesic curvatures of the corresponding elements of the two families. If 
the new set of «* elements thus obtained possesses the characteristic properties 
A and B of a natural family, then the original family is a family of isogonals. 

It is of interest to note that if, by this construction, the new set forms 
the family of geodesics, i. e., corresponding to F = constant, then the 
original family must have been the isogonals of an isothermal system; 
in other words, the isogonals of all isothermal systems on the surface are 
transformed into the family of geodesics. 

The analytic curvature transformation which changes an _ isogonal 
family into a natural family is given by 


u=u, v=, v = 
(T) , m ™ , 
Sty [log vA), — (log vd)uei [1 + 017] 


a 13 


V7) 


This transforms 


(5) ve” = (Q, + Qe’)(1 + vo” 
into 


v” = {[2, + (log vd),] — [@. + (log vd),Jo"} (1 + 0”) 


which is of type N where 
(29) (log F), = 2, (log F), = Q, .. F = e*. 


We may easily verify that the transformation T is the analytical state- 
ment of the geometric transformation above described, and we thus have 
the following corollary to Property C. 

The isogonal family corresponding to the point function Q(u, v) is, by the 
theorem stated in property C, transformed into the natural family corresponding 
to the exponential of the same point function. 

It may be easily verified that, except for developable surfaces, the oper- 
ations I and I’ do not give isogonal or natural families, but that the oper- 
ation I‘ does give the original isogonal family. 

The reason for the simplicity of the transformation from isogonal to 
natural families for developable surfaces, lies in the fact that we may choose 
the straight line generators as our intermediary isothermal system, and 
these have for their isogonal trajectories the geodesics of the surface. 


Massacuvusetts Instirute or TECHNOLOGY. 








ON THE SECOND VARIATION, JACOBI’S EQUATION AND JACOBI’S 
THEOREM FOR THE INTEGRAL. 


f Fo, y, x, y’)dt. 
By A. Drespven. 


Introduction. 


In Weierstrass’s theory of the integral 


(1) | F(e, y, x’, y’ dt, 


it is shown* that the second variation of (1) may be reduced to the form 


tz 
€ i (Fiw” + F.w*)dt, 


ry 


which is analogous to the form of the second variation of the integral 


| i(z. yt Jae. 


From this reduction of the second variation it follows that Jacobi’s equation 


takes the form 
(2) Fou — (Fyu')’ = 0. 


Then it is shown further, that when 
z= z(t, a), y = y(t, a) 
‘Tepresent any one-parameter family of extremals for the integral (1), then 
u=yr,—2'y, 


is a particular solution of equation (2).t This is Jacobi’s theorem. 

The purpose of this note is to obtain these results by means of a reduction 
of differential forms.{ It appears to the author that in this way the deri- 
vation of the results becomes unified and less artificial. 


* See, e. g., Bolza, Vorlesungen iiber Variationsrechnung, § 28, 29. Notations and terms 
used without explanation in this note are taken in the sense given them in that book. 

t This statement of Jacobi’s theorem is slightly more general than what is usually given; it 
is adopted so as to include such extensions as are made, for instance, in my paper on “The second 
derivatives of the extremal integral,” Transactions of the American Mathematical Society, vol. 9, 
p. 471. 

$ See Annals of Mathematics, vol. 13 (second series), p. 149. 
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We assume that the function F in (1) satisfies all the conditions of the 
classical theory and that we have found an extremal represented by 


(3) t= x(t), 7 = y(t), ty < t < to, 
in which z and y are functions of class C’”’, which satisfy the initial conditions, 
x(t) = 2, y() = 1, t(tz) = 22, yy (te) = yp, 


and such that 
(3a) (OP +YyOP +0, tStdS te 


If now & and 7 are two arbitrary functions of ¢ of class C’”’ on (tt2) 
and vanishing at ¢,; and at t:, the second variation of the integral (1) may 
be put in the form 


i] = e {200 
where : 
22 = Fit? + 2F tn + Fyyy? + 2Pss'tt’ + QF xy’ty! + QF 2'yt'n 
+ QF yaa! + Feat” + QF o1y't'y! + Fy'yns 
the arguments of the partial derivatives of F being 
r=2(t), y=y, wv=27(), y=y'(d). 


By means of Euler’s theorem on homogeneous functions this reduces to 
*/ a2 dQ dQ dQ 
27 = @2 ¢ , , 


in which expression the third and fourth terms may be integrated by parts, 
leading to 


alae { (Eva + mya)dt, 


where 
a2 d a2 _— a2 d a2 


i= oe dtar? = ¥* = aq ~ di an" 
It is clear that ¥; and y» are linear differential forms of the second order 
in £ and n, which satisfy the relation 


(5) whi + yp. = 0. 
Further, if 
t=2(t,a), y=ylt,a) 


represent a one-parameter family of extremals, which for a = ao contains 
the particular extremal (3), which is under consideration, it follows upon 
direct substitution,* that 


* As in the z-problem, see Bolza, I. ¢c., p. 74. 
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g = a(t, Qo), _ Yall, a) 
is a solution of the differential equations 
(6) ¥i = 9, v2 = 0. 


These equations may therefore be looked upon as the analogues of 
Jacobi’s equation in the x-problem. 
To the differential forms 


y= F,','$" — P54" — FP’ a's) + (Fay? — Fay — F's'y') 91 
+ (Fiz — F'ze')E + (Fay — F's'y)1, 

Ye = = Fey" = Pyyn + (Fey — Pat — Fey! — Pv! 
+ (Fey — Fey )E + (Fy _ F'yy’)n, 
now apply the tests for reducibility,* which in this case take the form: 


F.',' F ,'y’ F.',' PF s'y' | 


() |= 
’ ’ 
| F’ ty’ + F,,’ = PF 'y Pa? aan Fe Psa = F 


: " ° 
Fey Fy Fey Fry 
0, 0. 
, ” vs , 7 , 
PF" s'y' = Fy" + P's I yy’ F’.- F ws I i Pa 


To prove the first and third of these relations, we express every element 
of each of these determinants in terms of F; by means of formule, current 
in the theory.t To prove the second and fourth, we differentiate with 
respect to ¢ the following formulae: t 


Pe = 2’Fy,+ y'F,’:, FP, = 2'F,, + y'F,',; 
and, with respect to x’ and y’, the formula:§ 


F=2'F, + y'F,. 
This gives us: 


(8) 


and 


[2 P's — Fa) +y'(F'ye — Fey) = 0, 
) 
| 2’ F 2's’ + y'F y's’ = 0, 


: a’ (F's'y = Fy) + y'(P yy nial Fy) = 0, 
(9) al 
x PF ,'y’ + y'F yy’ = Q) 


from which the desired relations follow, in view of condition 3(a). 


* See Annals of Mathematics, vol. 13, p. 152. 
t See Bolza, 1. ¢., p. 196 (12a), p. 208 (I). 

t Bolza, |. ¢., p. 196 (11). 

§ Ibidem, (10). 
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Hence we conclude that y; and y- are reducible to the form 





(i = 1, 2) 






¥; = Aw’ + Bw’ + Cw, 





where w is any linear function of — and 7, w = aé + bn, such that 










Hence, we may put 
w= —yt+2'n, 









and we can then determine A;, B; and C; by undetermined coefficients. 








| We find: 
yA, -_ y’ F,, , 
, is ‘s A; at y'F,, 
x A, =Z7y F,, 
( y’A, = — 2'y'F,, 
7 *. Ap = — 2’F,, 
x'As = x’°F,, 
y'B, _ y" Fy’, 
{ ’ hvpe ‘* B, - y'Fy’, 
2’B, =2'y'Fy, 
y'Be —— a’y'Fy’, 
. Be = -—2'Fy, 
2B, = —2' Fy, 





{en - P.. a! F','y aes a!"y'F _— a"'y'Fy, 
y'C, = — F,, 4 F’.2’ ae yy’, —_ y”y'Fy’, 
—_ F.y 4 F’.,’ 4 y’'2'F, 4 y"2'Fy, 











x'Co _ F,, sates F' yy’ 4 x''2'F, + z''2x'Fy’, 








From Euler’s differential equation for the integral (1), follows upon 
differentiation with respect to t: 


F's’ —— P val + y'(x'’F;)’ aie z'(y”’F;)’ _ 0, 





and hence 









Fi, — a ™ — xy’, a= x'y'Fy’ — F,, ro FP" as! _— y'x'Fy — yx’ Fy’. 


By means of the same relation and formule (8;) and (91) we verify: 








*See Annals, |. c., p. 153. We notice in passing that w(t) = w(tz) = 0 for all choices of 
a and b. 
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fe’(+ F’ 2! aaa Fiz ae y'y'Fy at y”'y'Fy’) 
+ y’(+ F'i% came } + a'"'y'F, + x''y'F,’) a= 0, 


a! (F' sy’ = .. + y’"'2'F + yx’ Fy’) 
+ y' (Fy! — Fy — 2’"2'F, — x"2'Fy') = 0. 





L 


Hence there exists a function F2,* such that 
F',.' — Fiz — y'"y'F — y"y' Fy = — y" Ps, 
Paty — Pay + "Y'Fy + 2'y' Py = Play — Poy tey'"2'Py + y"'2'Py 
= + 2'y'F,, 


9 


en a Fy, oo, x’F, "3 x'F, / — 2’ F». 
Consequently, we have: 
and 


We can now write 


a 


fyi Fw" + Fy'w’ — Fy), 
d 
ane iam 


From this result, we conclude: 
1. The second variation of the integral (1) may be reduced to the form: 


(te 


J = é| (y'—& — a'n)(Fyw"’ + Fy’w’ — Few)dt. 

fh 
Since w vanishes at ¢; and f2, we may add to this the integral 
t2 


d . 
di (ww'F,)dt = é ef (ww'Fy’ + ww'’F, + w’F;))dt, 


which roe us the expression: 
fo 


el=e | (Frw? + Fyw”)dt, 
e ty 
known from the current theory. 


2. Jacobi’s differential equation for the integral (1) reduces to 


(2) F yw" + F yw’ — Fow _ 0, 
since 
gy” + y" + 0, 


which is known as Weierstrass’s form of Jacobi’s equation. 





* It can be verified without much difficulty that the function F, here defined is identical with 
the function introduced by Weierstrass. 
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3. Since the functions 
§ = 2,(t, ao), n = y(t, ao) 
satisfy equations (6), it follows that the function: 
w= ry. — y'Z, 
will satisfy the Weierstrass form of this equation, 
z= z(t, a), y = y(t, a) 


representing any one-parameter family of extremals: Weierstrass’s form of 
Jacobi’s theorem. 

The extension of this method to the treatment of the second variation 
in the more general problems of the calculus of variations, which seems to 
be possible, has not as yet been obtained. 

UNIVERSITY OF WISCONSIN, 
February, 1913. 
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QUARTIC SURFACES INVARIANT UNDER PERIODIC TRANS- 
FORMATIONS. 


By Proressor F. R. SHarre AnD Dr. F. M. Moraan. 


In 1845 Steiner* stated the following theorem: ‘Let P and Q be two 
fixed points on a plane cubic curve (or double points on a plane quartic 
curve) and A a variable point on the curve. Let PA meet the curve again 
in Ay, QA; in Ag, PAs in Az, «++, QAon-1 in Aon. If Aon coincides with A 
for one position of A, then it coincides with A for every position of A.” 
In 1910 Snyder? considered a quartic surface having two conical points 
P and Q, and stated the condition that the two transformations A into A, 
and A, into A; should be commutative for the section of the quartic surface 
by any plane through the line PQ. The double transformation A into A, 
is then of period two. That is if S is the first transformation and T the 
second, then (ST)? = 1. This suggested to the late Professor J. E. Wright, 
of Bryn Mawr, the problem of finding quartic surfaces such that (ST)? = 1. 
His untimely death prevented him from solving the problem. Professor 
‘Snyder, of Cornell, recently proposed it to us, and the solution is given in 
this paper. It may also be interpreted as the condition that the two in- 
volutorial transformations S and T of the general (2, 2) correspondence 
satisfy the condition (ST)* = 1. 

The above theorem of Steiner follows easily from the expression of the 
coérdinates of any point on a non-singular cubic curve in terms of elliptic 
functions p(u) of a parameter u 


r1 = pp'(u), 2 = pplu), T3 = p. 


It is well known that the coérdinates can be so chosen that the sum of the 
parameters of three collinear points on the curve is equal to a sum of the 
multiples of the periods 2w;, 2w». 

Denoting the parameter of a point by the corresponding small letter, 


we have (mod 2a, 2w2) 
ptat+a, =), 


qtat+a, =0. 
Therefore 
~< P—-qta-a,=0. 
* Crelle, vol. 32 (1845), pp. 182-184. 
t Trans. Am. Math. Soc., vol. 11, p. 16, Sturm, Geo., Verwandtschaften, Band I, p. 267. 
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Similarly 


P-Qqta—a=0 


P— Qt Gon-2 — Aon = O. 
Hence if A», coincides with A, by addition we find 
nip —q) =0 


which is independent of the position of A. The parameters of P and Q 
are seen to differ by one nth of a period. 

If we invert with respect to a triangle PQR, where R is a point not on 
the cubic, the lines through P and Q are inverted into lines through P 
and Q, but the cubic is inverted into a quartic having P and Q for double 
points, so the theorem holds in the latter case. 

The condition for periodicity may be expressed in a simple geometric 
form by taking the limiting case of the theorem as A approaches P. For 
a cubic curve and period two, A; is the point where the line PQ again meets 
the curve. Also PA and QAz are the tangents at the points P and Q 
respectively. . The condition for per od two is therefore that these tangents 
meet on the curve at the point A;. For period three A; is the point where 
PQ again meets the curve and PA and QA, are the tangents at P and Q 
respectively. If these tangents meet the curve again in A, and A;, then the 
condition is that the lines QA; and PA; meet on the curve in the point A».* 

For a quartic curve with double points P and Q and period two, PA 
and PA; are the tangents at P, also A; and Ag are their points of inter- 
section with the curve. The condition therefore is that the points QA,A2 
are collinear. 

For period three the tangents PA and PA; at P meet the curve in two 
points A,, A, such that QA, and QA, meet the curve in two points A, 
and A; which are collinear with P. 

We will now proceed to express these conditions analytically. Using 
homogeneous coérdinates 2227324, the equation of a quartic surface having 
conical points at 


P = (0,0,0,1) and Q = (0,0, 1,0) 
is of the form 


(1) (ayx3° + byx3 + Cre + (aor3’ + bors + C2)ay + (Asx3? + bsx3 + C3) = 0 
or 


(2) (ayxry? + Ao%, + 3) 23" + (b,x? + boa, + bs)xs + (re + C224 + C3) - 0, 
where the coefficients are homogeneous functions of x, and z2 such that the 
equations are homogeneous and of degree four in the coérdinates. 

* Crelle, vol. 32, pp. 182-184. 
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The form (1) shows that the transformation S interchanges the points 
(a1, X2, Xs, @4) and (24, Xo, Xs, Vy’) Where x, and 2,’ are the roots of the quadratic 
(1) in zs. The form (2) similarly shows that the transformation T' inter- 
changes the points (21, %2, %3, ts) and (x, 2, Xs’, 24) where x; and 2;’ are 
the roots of the quadratic (2) in 23. 

If we keep x; x2 fixed, we have the section of the quartic surface by a 


plane through P and Q. This section has double points at P and Q and 


has for tangents at ? 
(3) 323° a bixs + Cc} = 0. 

First the analytic condition for period two will be deduced. Denoting 
the roots of (3) by x3, x3’ the tangents at P meet the surface at 


A, = (%1, Xe, X3, 74) 


and 
A: = (21, Za; x3, X34’) 


where from (1) 
A323" oe bz,’ + C3 


Qor3"" + bore’ + Co 


A303" a batty os C3 5 
(4) 4=> = ° ' , is, Mccadieenl 
Q2X3” + bet, + C2 
Hence, by subtracting and dividing by x; — x3’, we have 
(5) 4 = x,’ _ C 2323’ = Bix; — x3’) oS A, 
is = x3 (GoX 323° ay C2)" + [b3a3X3' + Co(X3 a x3')| [bo + A2(X3 + x;3')] ; 


where the large letters denote the cofactors of the corresponding small 
letters in the determinant 


a, by Cy 
(6) A= ao be ce 
a; 63 ¢3 
But from (3) 
Q1:%323 = C) and a;(r%3 + 23’) = — Dy. 


Hence (5) becomes 
Lt, — x,’ a,A 


(7) 
3 — 23’ r 


’ 


where 
r= B;? —_ A3;C;3. 


If the transformation is of period two we proved that the points QAiA_ 
must be collinear. Hence x; = z,’ and therefore 
(8) A = 0.* 


* Sturm, Geo., Verwandtschaften, Band I, p. 267. 
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This is therefore the condition that the transformation be of period two 
for the section considered. It is of degree six in xz; and xj. There are 
therefore in general six planes through PQ which satisfy the relation 
(ST)? = 1. If however the seven coefficients of this equation are all zero, 
then all sections through PQ will satisfy the relation (ST)? = 1. The 
twenty-seven coefficients of (1) must therefore satisfy seven conditions 
in order that the surface may be invariant under a transformation ST such 
that (ST)? = 1. 

For period three the old A, becomes A, while the new 


As = (x4, T2, £3", 24) 
and 
A; = (x1, T2, Zs", Ze’). 


From (2) follow the relations 

_ biz? + box, + b; 
Q,X4" + A2Xy + A;’ 

birs” + boxy’ + bs 


9 
Q1X4" + dor,’ + a3 


3+ 273” = 
(9) 


x3’ + zs" — < 


arr 
. 


But A., A; and P are collinear. Therefore z;’’ = x; 
Hence from (9) it follows that 


r3 — 23’ Cyayry’ — Co(ay+-74') + C, 


(10) 2)” Gaal —a,)+ [asa yay’ + a3(xy + 24')|[a2 + ay(xy + 24’)] 


Now from (4) it can be shown that 


2B.B; — A2C3 — A3C2 


tet te =~ Be — Ass 
and 
Pe B,? aid AC? 
Ts Be — ACs’ 
For brevity let 
2B.B; — A:C3 — A3C2 = 8; Bi — AoC. = q; 
2B,B; — A,C; — A3C, = t; 2B,B, — AiC: — A:Ci =u; BYr—A2Ci=p. 
Then 
a 
XetU = 7 


and 


’ q 
LMyly = y 
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By substituting in (10) we have 
(11) v3 — x3 = — (Csq _ C23 + Cir)r 
Zy— 2s (AQ — ar)? + (Gog + ass) (aor + ays) * 


If then between (6) and (11) the ratio - — =. be eliminated, we have 
4 44 


12) re (Cx — Cos + Cir)r - 
(I2 aA (aig — asr)? + (dog + a3s) (aor + ais) 
and hence 


(13) aj;A(C3q — Cos + Cir) = (aig — agr)? + (a2q + a38)(a2r + as). 





Using the identity 
a2"q + a2a38 + a;*r = arp + aiCiA 


and dividing out a; as a factor we have 
A(C3q — Cos) = ay(q? + pr) — 2asgr + aeqgs + as’. 
Now using the identities 
a3s + 2a. = — au — C,A, 
aos + 2azr = — a,t — CA, 
and dividing out a; as a factor, we have 
(14) q+ pr-sut+q =0. 


This is the condition that the two involutorial transformations S and T 
of the general (2 2) correspondence (1) satisfy (S7')’ = 1. 

It is of degree sixteen in x; and x2. Hence there are in general sixteen 
sections of (1) by planes through PQ such that the condition (S7')* = 1 is 
satisfied. If however the twenty-seven coefficients of (1) are such that the 
seventeen coefficients of (14) are all zero, then all sections through PQ will 
satisfy the relation (S7)* = 1. 

A similar method applies to period four, but the degree of the condition 
found is greater than twenty-six in x; and 22, hence it seems doubtful that 
there exist quartic surfaces invariant under this type of transformation. 

The condition given in (14) remains true in all cases but the proof 
given appears to fail when a, = 0. If we keep 2,/z, fixed as before, we have 
the section of the quartic surface by a plane through P and Q. This 
quartic section degenerates into a cubic and the line PQ. The tangent 
PA at P to the cubic, is 

C\ 


(15) , Mielec ‘* 
1 
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This meets the cubic again in 
—Cc 

A,= (x, Xa) x1) 
1 


_ sts’ + bata + Cs 
Q2X3" + bers + C2" 





while the line QA; is 
(16) my = 








The other tangent at P in the general case, namely PA,, degenerates as | 
a, = 0, into the line PQ, but in such a way that the tangent at Q to the 
cubic meets it again in A;, QA; being 







— a3 } 


(17) @%, = ds 


If QA, meets the cubic in 














A, 


= (x, Z2, i 24), 
then from (1) and (2) 


(18) br DL _ bite + bats + bs 


Cy X3 C1Xq? + Coty + 3° 









and if 
A; = (X1, To, ”, x4’), 
then 
(19) : = oes 2 mee + bs e 
U3 C\Xy° + Cooly + C3 







But PA;,A; are collinear, hence x;’’ = x;'".. We therefore have 


(20) by i (xy — @q')[Agrqry’ — Ao(ry + 24') + Al] ; . 
: Cr (eytarg’ — C3)? + [corara’ + €5(4 + 24')][e2 + Calta + 24')] 


But from (15), (16), and (17) 
biA 


(21) rs — 2,’ a ; 







where x, and 2,’ are the roots of 


(22) 
Hence (20) becomes 










rzy> — sag +q = 0. 






CA(A3q — Aos + A ir) = (c1q = c3r)? a (Cor oe C38) (Cor a C\8). 





This differs from (13) only in having a’s instead of c’s and therefore leads 
to the same result (14) as this condition is unaltered when these letters 


are interchanged. 
This method also fails when c,; = 0, but corresponding to the equations 
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of the last case, we have 


(15’) x3 = 0, 

(16’) 44 = —, 

(17’) oe, 

(18’) attain) Pret Date bs | 


Hence the condition x;"" = 2;’’’ leads to 
(big — bar)? + (bog + bss)(bis + ber) = 0, 
which when it is transformed as in the previous cases and the factor b,? 
is divided out, gives as before 
(14) gt+pr-su+q=0. 
If a; = c) = a; = 0, then q = O and the condition (14) reduces to 
(A2C2 — byb3)e3" — bebsc2c3 + b3°co? = 0. 


The planes z; = 0 and x; = O are now tangent planes at P and Q respec- 
tively. 
If cz = Coa, then (14) becomes 
(d2C2 — byb3)x2* — bebsr2 + 63? = 


and if c. = b3, then 
(ds _ b,)2r" —_ bore + bs; = (). 


Equation (1) now takes the form 
by (xstq? +2522”) +2 (13° 4—T3Xo") +2(3%4+12%3) +C2(22+23+24) =0. 


This appears to be the simplest type of surface that fulfils the condition (14). 
It contains eleven arbitrary constants. 

Let K,’ denote a cone of order n with vertex at (0, 0, 0, 1) and K,”’ 
also a cone of order n with vertex at (0, 0, 1, 0). 

Equation (1) may then be written in the form 


(20) K,'r¢ + K;'x4 + K,{, = 0 
and equation (2) 
(21) K,"'23? + K3"23 + Ky” = 0. 
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Therefore the transformation S is 


(22) = x1'K’, @3 = x;'K,’, 
tz = X2'Ky’, ts = — 24'K,' — K;’ 





This is a transformation of monoidal type.* The image of any plane not 
passing through (0, 0, 0, 1) is a cubic surface with a conical point at 
(0, 0, 0, 1), the image of this point being K,’ = 0. The fundamental 
curves are the six lines K,’ = 0, K;’ = 0. Similarly T is 


, Le -ae 


xy’ = ri’ Ke”, Lo = Le 2) 
(23) 


Hence ST is 


“1 = x1""Ke""[ay(x3" i" - i 2 man by (x3""K.” > K3")K,” a ¢,K.""] 
OO” ve 
= 2 2 F., 
(24) re = x," 2’ Fs, 
X3 en (x,"’ ug + r3 Fe, 
ay = — (245"Fo + Fi) Ke”, 
where 


, 


_ wee > , ” ” 
t3 = — 23 2 — K,”, x, = 24K". 


Fy = a2(x3""K2" + Ks"’)? — be(x5""K2” + Ks!")Ko!" + 02Ks!”. 


This is a Cremona transformation. The image of any plane not passing 
through (0, 0, 0, 1) nor (0, 0, 1, 0) is a surface of degree nine, having a six 
fold point at (0, 0, 1, 0) and a conical point at (0, 0,0, 1). The images of 
these points are F, = 0 and K,” = 0 respectively. 

The sum of the degrees of the fundamental curvest is 9° — 9 = 72. 
These curves are the six lines K.’’ = 0, K;’’ = 0 counted nine times, and 
the six cubics into which 7 transforms the six lines AK,’ = 0, A;’ = 0. 

Hence ST’ transforms the plane sections of (20) into curves of degree 36 
passing four times through (0, 0, 0, 1) and twelve times through (0, 0, 1, 0); 
similarly for T'S. Since ST is of period three it follows that the first triply 
infinite linear system of curves is transformed by ST into the second system, 
which is also of degree 36, but passes twelve times through (0, 0, 0, 1) and 
four times through (0, 0, 1, 0). 

We may also write (22) in the form 


1 = x,'2,'K.’, t2 = r,'a4'K.’, 
25) ee mails 
Z3 = 2; 2, Ky’, = 4° 


This is also a monoidal transformation but of degree four, the point 


* Doehlemann, Geometrischen Transformationen, Band II, Art. 167. 
t Sturm, Geo., Verwandtschaften, Band IV, p. 341. 
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(0, 0, 0, 1) being a triple point. Its image is x,’K.’ = 0. The fundamental 
curves are of degree 47 — 4 = 12 and consist of the eight lines K,’ = 0, 
K,{ = 0 and the plane quartic x,’ = 0, AK,’ = 0. T is a similar trans- 
formation. Forming the product S7' we find a Cremona transformation 
of degree 13 for which (0, 0, 0, 1) is a triple point and (0, 0, 1, 0) a nine fold 
point. The sum of the degrees of the fundamental curves is 13? — 13 
= 156. The curves are (a) the eight quartics into which T sends the eight 
lines K,’ = 0, K,’ = 0; (b) the fundamental curves of T counted nine times; 
(c) the three lines 23’’K.’’ = 0, x,’ = 0; (d) the line z, = 0, rz. = 0 counted 
three times. 

A plane section of (20) is transformed into a variable curve of degree 
36 as before, together with the fixed curves, (a) z; = 0 and (b) z3 = 0 
counted three times, thus making the total degree 52. 

We may also consider ST as the product of a cubic and quartic trans- 
formation and thus find similar results. These transformations all have 
the same meaning for points on the quartic surface, but are distinct for 
other points. 


CorNELL UNIVERSITY AND Dartmovutu COLLEGE, 
December, 1912. 


POSTULATE-SETS FOR ABELIAN GROUPS AND FIELDS. 
By WALLIE ABRAHAM HurwITz. 


Postulate-sets for fields have been given by Dickson* and Huntington; 
these have naturally been founded on previous definitions of abelian groups. 
Several years ago the writer gave a postulate-set for abelian groupst 
which not only (like a set of Huntington’s on which it was based) made no 
assumption of closure with respect to the group operation, but also replaced 
both the associative and commutative laws by a single law of somewhat 
the same character as the associative law. The present paper contains a 
slightly altered form of this definition and an extension to the case of fields. 
The postulate-set for fields contains five postulates, aside from one speci- 
fying the cardinal number of the class,—thus reducing by two postulates 
(one each for addition and multiplication) the smallest number used hitherto. 
As an incidental result a new type of finite linear algebras is found, obeying 
the commutative law and admitting unique division by non-zero elements, 
but not obeying the associative law or containing an idemfacient element.§ 
It need scarcely be mentioned that a definition of groups or fields which 
introduces closure, associativity, and commutativity as theorems rather 
than as postulates is justified by its logical interest, and not by any practical 
use. 

The proofs in the paper are complete in themselves and may be read 
independently of previous postulate-sets for groups and fields. 

1. Definition of Abelian Groups. A class K with an operation o 
between pairs of elements will be called an abelian group if the following 
postulates hold: 

(1) If a, b, c, aob, cob, and ao (cob) belong to K, then (aob) 0c = 
ao(cob). 

(2) If a and b belong to K, there is an element x of K such thataozx = b. 

The number of elements is specified by adding one of the postulates: 

(N,.) K contains n elements. 

(N’) K is countably infinite. 

(N’’) K has the cardinal number of the continuum. 


* Transactions of the American Mathematical Soc ety, vol. 4 (1903), p. 13; vol. 6 (1905), 
p. 108; Géttinger Nachrichten (1905), p. 358. 

+ Transactions of the American Mathematical Society, vol. 4 (1903), p. 31; vol. 6 (1905), 
p. 181. 

t These Annals, Second Series, vol. 8 (1907), p. 94. 

§ I. e., an element whose product with any element reproduces the latter. 
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Every abelian group satisfies (1) and (2), and abelian groups exist 
satisfying each of (N,) (for any positive integer n), (N’), (N”’). It will 
be shown that conversely the ordinary properties of an abelian group follow 
from (1), (2). 

In the first place, if a, b, and either ao b or boa belong to K, then 


aob=boa. 


Suppose, for example, that aob belongs to K. By (2) take z so that 
aox = b; then by (1), 


ao(aox) = (aozx)oa, or aob=boa. 
We now show, with the aid of this result, that for any two elements 

a, b of K, aob is an element of A. By (2) take successively z, y, z, w, 
so that 

bor=a, aoy=2, yOz=a, aow =z. 
Then by (1), 

a=yoz=yoO(aow) =yO(woa) = (yOajOow=270, 

so that 


bor=a=r0w=wo7, 
and 


z=a0ow=woa=wo(bonr) = (wor)ob=aob; 


therefore ao b is the element z known to belong to K. 

Since a 0 b belongs to K and the commutative law holds, we see from 
(1) that the associative law holds; these results, with (2), comprise one of 
the ordinary forms of definition of abelian groups. 

The postulates (1), (2), with any of (N,) (n > 1),* (N’), (N”) are 
independent. The proof will appear as part of the corresponding work for 
fields. 

2. Definition of Fields. A class A, with two operations © and 2 
between pairs of elements, will be called a field if the following postulates 


hold: 
(Al) If a, b, c, a@b, c@b, and a&(c@b) belong to K, then 
(aeb)e¢cec=ae(c@b). 
(A2) If a and b belong to K, there is an element x of K such that 
agvzr=b. 
(M1) If a, b, c,a 2 b,c @ b, and a & (c @ b) belong to K, then 
(a@b)ec=a@ (c@ b). 


* Ifn = 1, postulate (2) is sufficient. 
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(M2) If a and b belong to K and a @a + a, there is an element x of K 
such that 





agz=b. 














(D) If a, b, c, a2b,aeec, bec, and (a@b) & (a & ec) belong to K, 
then 






a2(bec) =(a2b)e(aee). 


We specify the number of elements by adding one of the postulates 
(N,) (n > 1), (N’), (N”’) of the preceding section. 

Postponing inquiry as to whether (or when) the postulates are consistent 
and independent, we proceed to show that the concept defined by (A1), 
(A2), (M1), (M2), (D) agrees with the usual notion of a field. Any field 
in the ordinary sense satisfies (A1), (A2), (M1), (M2), (D); we have then 
to show that conversely these postulates imply the field properties. 

Since (A1), (A2) are precisely (1), (2) with @ for o , we have at once: 

THEOREM I. K is an abelian group with respect to @. 

Among the consequences of this theorem we note particularly: when 
a and b belong to AK, then a © b belongs to K; one and only one element 
of K (the ‘identity ”’ of the group, which we may call 0) satisfies the con- 
dition 














atva=a; 










from 


agz a 






follows x = 0 and conversely. 
LemMa. If a anda @ 0 belong to K, thena 20 = 0. 
In case a = 0, we have by (D) 


02 (0¢0) = (020)¢8 (0280) 






or 
020)¢(020) =020, 





whence 





020=0. 








Suppose then a + 0. By (A2) choose z so that 


(a20)erx=0, 






and by (M2) choose y so that 







Then by (D), 






or 





and therefore 
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If we now denote by K’ the class obtained by removing from K the 
element 0, we have: 

THeorEM II. K’ is an abelian group with respect to @ . 

Since any element of K’ is an element of AK, (4/1) implies (1) with @ 
for o and K’ for K. Also the hypothesis of (M2) implies the hypothesis 
of (2); in order to see that the conclusion of (2) agrees with the conclusion 
of (M2) we need only ascertain that the x defined is in A’, i. e., that 2 +0. 
This is assured by the preceding lemma; for the hypothesis a @ x = b, 
x = 0 would imply b = 0, so that b would not be in K’. As a consequence 
we note: if a and b belong to A’, thena © b belongs to K’; or, in other words, 
if a and b belong to K and a + 0, b + 0, then a & b belongs to A and 
a2zb+0. 

TuHeoreM III. Jf a belongs to K, thnaz0=02a=0. 

First suppose a + 0. By (V2) take x so that 


az2x=Q0; 
theorem II shows that the assumption x + 0 would involve 
azxr+Q0, 
which is untrue; hence z = 0 anda 2z®0=0. By (M1), 
: (ae0)2za=a ez (az QO); 
i hence 
ae Ozgza=az20=0. 
Consider now the case a = 0. Choose x + 0. By (A2) take y so that 
xrsy = 0; 
evidently y + 0. Then by (D), 
O2z(rsy)=(O2xr)%(02y), 


or by the part of the theorem already proved, 0 @ 0 =0¢0 = 0. 
We now restate (D) in modified form as: 
THeorREM IV. Jf a, b, c belong to K, then a@ (b@c) = (a2 b) 
@(a Zc). 
Theorems I-IV exhibit the properties of a field in the ordinary sense. 
3. Consistency and Independence of the Postulates. We consider the 





bi three postulate-sets: 

1 A: (Al), (A2), (M1), (M2), (D), (N,) (n> 1). 
Fi A’: (Al), (A2), (M1), (M2), (D), (N’). 

ii A”: (Al), (A2), (M1), (M2), (D), (N”). 
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As the first five postulates alone are in each case necessary and sufficient 
for the field properties, we need only ask whether the adjunction of the last 
postulate permits the existence of a field. E.H. Moore has shown* that 
every finite field is abstractly equivalent to a Galois field; since the number of 
elements of a Galois field is always a power of a prime and for every power 
of a prime one and only one Galois field exists, the set A, is consistent when 
and only when n is a power of a prime; it is then categorical. 

Examples of fields of countably and continuously infinite numbers of 
elements are furnished by the classes of all rational numbers and all real 
numbers respectively, with 


aeb=a+b, a2zbz=ab. 


Hence each of the sets A’, A” is consistent.t 

The consistency of each A-set carries with it the independence of the 
N-postulate in each of the other A-sets. The independence of each 
remaining postulate is shown, simultaneously for the three A-sets, in the 
usual way by the exhibition of systems satisfying all the postulates except 
the one considered. Agreeing throughout to take for K in A, the n distinct 
integers modulo n, in A’ all rational numbers, and in A” all real numbers, 
we list the independence-systems as follows: 


[Al]jasb=b; azb=a+b. 
[A2]) ae@b=a; axb=a+b. 
[Ml]javzb=a+b; a2b=b. 
[M2]}aeb=a+b); agb=0. 
[D]) aeb=a+b); ag2b=a+b. 


Thus the postulates of each set A,, A’, A” are independent. 

4. Further Considerations on Independence. It will be observed that 
for each of the independence-systems just given the values of a ¢ b and 
a @ b are defined without exception as elements of K; thus none of the 
postulates is deducible from the others even with the aid of the two new postulates: 

(A3) If a and b belong to K, then a & b belongs to K. 

(M3) If a and b belong to K, then a & b belongs to K. 

Peculiar interest attaches to the independence-systems for those 
postulates—(A1) and (M1)—which demand for addition and multiplication 
our combination-substitute for the associative and co: mutative laws. 


* Mathematical Papers Read at the International Mathematical Congress, Chicago (1893), 


p. 208. ; 
t Neither is categorical. Possible distinct forms of countably infinite fields are discussed by 


de Séguier, Théorie des groupes finis (1904), p. 51. 
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Since [Al] preserves the associative law for addition and [M1] that for 
multiplication, (Al) is not deducible from the other postulates even with the 
aid of (A3), (M3), and the associative law for addition; (M1) is not deducible 
from the other postulates «ven with the aid of (A3), (M3), and the associative 
law for multiplication. 

We are naturally led to ask whether (A1) is a consequence of the other 
postu'ates together with (43), (73), and the commutative law for addition; 
and similarly for (1/1). For the sets A’, A” the first question is at once 
answered ‘n the negative. Taking for A all rational numbers or all real 
numbers, we have the independence-sy- tems: 


[Al] acb=-a-—b; a = b = ab. 





We can also construct an independence-system for A,. When n is odd, 
take for A the n distinct integers modulo n, and define: 

n+1 
—go~ fe azb=a-+ob. 


b= 


a) 


[Al] a 


When vn is even and greater than 4, take for K the (n — 1) distinct integers 
modulo (n — 1), and a special element z; define: 


[Al] azb=Z(atl) 


unlessa = 2z,b=2z,0ra=b;asz=z¢a=a;a% 
azb=a+b 


unlessa =zorb=z;a%z=2z2%a=2. 
In case n = 4, we use the four elements 0, 1, 2, z, with the laws of com- 
binat on: 


@ 0. . 2 zs 0122 
Oiz 0 2 1 00 12 2z 
[Al] 110 <1 2 11202 
Zin § 2 © Zia @ £ @ 
si 2 es z2iz22e2 


For n = 2, the associative law is easily deduced from the other postulates. 
Therefore (A1) is not deducible from the other postulates of A’, A’, or of Mn 
if n > 2, even with the aid of (A3), (M3), and the commutative law for addition. 
Let us now study the corresponding question for (4/1). With the set 
A’, choose for K all ordinary complex numbers with rational components; 
with A”, all complex numbers*; we have the independence-definitions: 


[M1] agb=a+t+b; a 2 b = ab. 





* As usual, we denote by @ the conjugate complex number to a. 
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The results for A, are less simple. Let us assume for a class K all the 
postulates of A, except (M1), and also (A3), (M3), and the commutative 
law for multiplication. By Theorem I, K is an abelian group with respect 
to @. We agree to write 


agva®--+- @a(yv terms) = va, 
v being any positive integer; we have the identities: 
via @ b) = va & vb, 
and (by continued application of (D)) 
via @ b) = ra & b. 
For any element a + 0 there are positive integers 7 such that 
(r+ 1l)a =a; 


the least such positive integer a» is the period of a, and any other such 
positive integer 7 is a multiple of mo. Let a, ko be the periods of the 
elements a, b respectively. By (M2) choose zx, y so that 


agzr=b, beay=a., 
Then 
(19 + 1)b = (77> + l)(a 22x) = (ro + l)a 2Sr=acsr= b, 
(ko + lja = (ko + 1)(b ace y) = (Ko +. 1)b 89 Y= b SYy=a4,; mm 


thus z» is a multiple of xo and x a multiple of zo, so that m = x. Hence 
all elements + 0 have the same period, and by a well-known theorem of 
group-theory K is an abelian group, with respect to @, of order p* and type 
6 ven, 

If we choose » independent generators u;, U2, ---, u, of the group, any 
element of K is expressible in the form 1%; @ rote @ «+++ ® v,u,, Where 
the coefficients »;, v2, «++ v, are integers modulo p; we have to deal with a 
finite linear commutative algebra, in which division by a non zero element 
is uniquely possible.* In case » = 1, every element is of the form vu; 
furthermore 

vuevu = vr(u@ vu) = v(v'u 2 u) = w'(U® U); 
thus the associative law is satisfied, since 
vu ® (v’'u @ vu) = wr’ [u @ (u & u)] = w'r’[(u @ u) @ Ul 
= (wu @ vu) @ vu. 


"2 Possible, on account of (M2); uniquely so, since the form a@-z represents an element of K, 
by (3), and must run through all elements of A as x runs through all elements of K, by (M2). 
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We show finally that if » > 1, it is possible to find a system in which 
the associative law fails. To this end take for K the Galois field GF[p*]; 
define: 


[M1] agb=a+b); a 2b = arb. 
All the laws of addition evidently hold, likewise (M3) and the commutative 


law for multiplication. (D) is also satisfied in view of the identity in the 
field: 


(a+b)? = a? + br. 
Lastly, (M2) is satisfied by choosing 


z= aq be", 


The associative law fails unless a, b, or c = 0, or a?~! = c?~'!,—surely, then, 
if a = b = 1, c = a primitive root in the field.* 

We collect these results as follows: (M1) is not deducible from the other 
postulates of A’, A’, or of A, if n is a power higher than the first of a prime, 
even with the aid of (A3), (M3), and the commutative law for multiplication; 
(M1) is deducible from these postulates if n is a prime; if n is not a power of 
a prime, the postulates of A, without (M1), but with (A3), (M3), and the 
commutative law for multiplication, are inconsistent. 


CorNELL UNIVERSITY, 
February, 1913. 





*In the finite algebras thus defined there is no idemfacient element; hence these algebras 
are not of the type studied by Dickson, Transactions of the American Mathematical Society, vol. 7 
(1906), p. 370 and p. 514. 





ON CONTINUED FRACTIONS IN NON-COMMUTATIVE-":"" 
QUANTITIES. ee te 


By J. H. M. WepperBuRN. 


The object of this note is to investigate the properties of simple con- 
tinued fractions when the terms are not necessarily commutative with one 
another. The terms, for instance, may be the product of a function of x 
and differential operator D,; or they may be matrices; or in fact any func- 
tional operator or hypercomplex quantity for which addition obeys the 
ordinary laws of algebra and multiplication is associative and distributive. 
In the demonstrations it is always assumed that an inverse exists, but, as 
the relations given are all integral identities, the truth of the theorems does 
not depend on the existence of an inverse: the use of the inverse could there- 
fore no doubt have been avoided, as by studying Euclid’s algorithm in 
place of continued fractions for instance, but it does not seem that there 
would be any material gain in doing so. 

1. Consider the continued fraction 


1 1 
aie oe _ 
When we come to form the convergents of this expression, it is immediately 
obvious that there are two principal ways of writing them according as 
we put the denominator of the convergent on the right or on the left of 
numerator. For instance, 


1 
a,+ ds = (a;a2 + 1l)a. = az(a2a, + 1), 


1 1 ‘ ” 
ae the (a;Q2a3 + a; + a3)(a2a3 + 1)7, 


a, + 


= (aja, + 1)~'(asa2a; + a; + 4s), 
and so on. 
When the denominator is on the right, the nth convergent will be 
denoted by p,q,~?, and when the denominator is on the left by 9,~"Dn. 
THEOREM 1. 


Pn _ Pn—14n + Pn--2: Qn = Qn—14n + Qn—2 
Pn _ QnPn—1 + Pn—25 Qn = OnQn—1 + Qn—2 


The proof is exactly the same as in ordinary algebra. 
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Assume for a particular value of n that 
PnQn _ (Pn—18n + Pn—2) (Qn—14n + oe 


= [(Pn—1An + Pn—2)On+1 + Pn—Orsi[ { (Qn—14n + Qn—2) On+1 
+ Qn—1}ar; i} 
= (DnOn+1 + Pn—1) (QngpaOn+1 + euar. 
But the theorem is readily verified for n = 1, 2 and hence it is true for all 
values. The second part of the theorem follows in exactly the same way. 


THEOREM 2. QnPn — PnQn = O. 
For — 
Prgn* = Qn "Pn 
since each is equal to the value of the nth convergent. 
THEOREM 3. (7) Qn—1Pn — Pn—-19n = (— 1)", 
(iz) GnPn—1 i PrQn—1 = (— i { 
(i207) DaQn—1 — Pa—1gn = (— 1)", 


(iv) QnPn—1 — Qn—1Pn = (— 1)"*1. 
Let ~ 
A, _ Qn—1Pn asi = » A, = QnPn—1 ‘a PnQn—1- 


By Theorem 1 
A, — Qn—1(Pn—1An + Pn—2) nad Pn—1(Gn—14n + Qn—2) 
_ (Qn—1Pn—1 = Pn—19n—1) An + Qn—1Pn—2 = Pn—1Qn—2 


= Qn—1Pn—2 iad Pn—19Qn—2 = oo | 
since, by Theorem 2, __ _ | 
Qn—1Pn—1 — Pn—-19n-1 = 0. 
Similarly A, = A,-1. Hence A, equals A, if n is even, and A, if n is odd. 
But 
Ar = aia, +1—aya,=1, Az = ara; — (ana, + 1) = — 1. 


Hence A, = ( — 1)": similarly A, = ( — 1)"*!. 
Again if 
A,’ _ PrQn-1 = os 
then 
A,’ 


(Pn—14n + Pn—2)Qn—1 si Pn—1(OnGn—1 + Gn—2) 
= Pn—2]n—1 — Pn-1Jn—-2 = — Ava 


and A,’ = 1: hence A,’ = ( — 1)". 
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(iv) is proved in exactly the same fashion. 

Since Pn, Qn) Pny Yn are integral when aj, ao, --~- are, it follows from these 
relations that p, and q, or p, and gq, have in general no common factor, 
although owing to the indefinite nature of the a’s no definite conclusion 
can be drawn. If for example they are differential operators mentioned 
in the introduction, then the result is valid. For if p, and q, have a right- 
handed factor in common, say 


Pn = Pn'T, Qn = nT, 


then, if y is the dependent variable, the equations p,y = 0 and q,y = 0 
have in common the solutions of ry = 0: but if y: were such a solution, then 


(Gn—1Pn 1m Pn—19n)Y1 - 0, 
which, by the foregoing theorem, is only possible if y; = 0. 
THEOREM 4. PaPa—1 = Pn—1Pny QnQn—1 = Gn—19n- 


For 
(PnPn—1)~' = Pa-iPa' = (— 1)"Pe-1Gn—1Pn — Pn—19n) Pn? 
= (— 1)"[pign-1 — QnPn*] 
= (= 1)"[Qn-1P-1 — Pa "Ga] 
= ( — 1)"Pa[PnQn—1 — FnPn—i]P-1 
= Pn 'P™' = (Pn—1Pn)*. 
Similarly 


QnQn—1 = Qn—19n ° 


Finally, if C,, is the nth convergent, then as in ordinary algebra we have 
THEOREM 5. C, — Cyee = ( — 1)"Gr 2dngn = ( — 1)"GnQngn >. 
For 


Ca — Cae = Ga's(Gn—2Pn — Pn—2Gn)Qn 
= (Gu'2lQn—2(Pn—1dn + Pn—2) — Pn—2(Gn—14n + Qn—2)]Qn 
= Gn_2l(Qn—2Pn—1 — Pn—2Gn—1) An + Yn—2Pn—2 — Pn—2Qn—2]Gn? 
= ( — 1)"grt2Qngn', 


and similarly 
Ca — Cra = (—- 1)"GnAnQn—2 


also, from Theorem 3(7) 
Cc —_ Gut = Prdn _ Qn-iPn—1 = ( pon 1)"qr-19n 


2. So far no special restriction has been imposed on the distributive 
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operators a1, @2, ---. We shall now assume that they are linear differential 
operators of the form =r,D" where D = d/dx and r, are functions of x 
which possess derivatives so far as they are required in the processes em- 
ployed below. 

If p and q are two such operators, the degree of q being not higher than 
that of p, then we can by the process of ordinary division find operators 
a, b, a, b such that 

p=qat+b, p= aqgtb. 
The formal proof* of this is left to the reader. If therefore p and q have 
no factor in common on the right, we can express pg! uniquely as a simple 
terminating continued fraction of the kind we have considered above. If 
they have a common factor, this process of continued division determines 
the H.C.F. just as in the theory of ordinary polynomials. 

Consider now the following system of ordinary linear differential 
equations in two dependent variables, 


U,=pytry: =u, U2 = qyit sy2 = Us, (1) 
p, q, r and s being linear differential operators. 
Let the H.C.F. of p and q be c and let p = pac, g = gnc where 
1 


1 
PY? = PoQn' = ate ys 


Multiplying the first equation by g, and the second by p, and subtracting, 
and then performing the same operation with g,-; and p,-; in place of 
qn and p, and using the result obtained in Theorems 2 and 3, viz., 

GnPn _ PrQny Qn—1Pn _/ Pn—19n = (— uy, 
we obtain a new system 


Vi=QnU 1 — PaU2 = (Gat — Pn8)Y2 = Qn — Prt, = V1, (2) 
V2 = Qn—1U 1 — Pr—1U 2 = (— 1) "cy + (Gna? — Pn—18) Y2 = Yn—11 — Pn 12 = V2 


and every solution of the original equation is a solution of (2) also. 
Conversely 


_ Pn—1V 1 + PnV 2 = (PnQn—1 iia Pn—19n) U; + (Pn—1Pn -_ PnPn—1) U2 ax ( = 1)**1U,, 
nV foe qnV2 - (Gn—19n _ Qnn—1) U, + (QnPn—1 — Qn—1Pn) Ue = (— | ate U2, 


and exactly the same relations hold between 1, v. and u;, uz. Hence every 
solution of the second system is also a solution of the first, i. e., the two 
are equivalent. 





* See Pincherle, Le operazioni distributive, Bologna, 1901, p. 263. 
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Now (2) has the form 


aye = V1, 
(— 1)"cyi + by2 = v, 


hence we have reduced the solution of the origina! system to the solving of 
a chain of equations in one variable. The same method can evidently be 
used to reduce a system in any number of dependent variables to a sequence 
of equations in one variable just as in the theory of systems with constant 


coefficients.* 
PRINCETON, 1911. 


* Cf. Chrystal, Trans. R. 8. E., vol. 38 (1895), p. 163. 
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A NEW TYPE OF SOLUTION OF MAXWELL’S EQUATIONS. 
By H. BaTeMAN. 


1. There is some experimental evidence of the existence of radiations 
which are apparently corpuscular in character but also possess the properties 
of waves or pulses travelling through a continuous medium. The observed 
phenomena can probably be explained satisfactorily by supposing that 
the effective part of the disturbance is concentrated in certain regions and 
almost absent in others. It may, however, be of some interest to inquire 
if there are any solutions of Maxwell’s equations which correspond to a 
corpuscular type of radiation. The solution which is discussed here fulfils 
this requirement but is of a type which is generally rejected in the treatment 
of the boundary problems of mathematical physics. It may not, therefore, 
correspond to any physical reality. Nevertheless, I have thought it worth 
while to place the solution on record as it furnishes a good example of the 
theory of the mutual connection of electromagnetic fields and transforma- 
tions which can be applied to them. A theory which I have developed in 
some previous papers. 

2. Consider a point M moving along a curve IT with a velocity v less 
than c the ve'ocity of light. We may represent its position at time r 
by the equations 
(1) z= &r), y=nlr), 2= ¢(7). 


Associated with any space-time point (z, y, z, t) there is just one* time + 
such that if t > 7 


(2) [z — &(r)F + ly — ar) PP + fe — S(r)P = et - 7) 


The corresponding position of M is called its effective position relative to 
(x, y, 2, t). 
Now let I(r), m(r), n(r), p(r) be functions connected by the equations 


(3) Ur)e"(r) + m(r)a'(z) + n(z)"() = p(t), P+ mt + nt = ep’, 


and write 


(4) o = I(x — t) + my — n) + nz — £) — p(t — 7). 


It is easy to verify by a slight modification of the method used in a former 


* A. Liénard, L’éclairage électrique, vol. 16 (1898), pp. 5, 53, 106; A. W. Conway, Proc. 
London Math. Soc., Ser. 2, vol. 1, p. 154 (1903); H. Minkowski, Raum und Zeit, Phys. Zeitschr. 
(1909); H. Bateman, Manchester Memoirs (1910). See also G. A. Schott’s Adams Prize Essay, 
‘Electromagnetic Radiation,’ Cambr. Univ. Press (1912). 
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Moreover, if we derive an electromagnetic field from the potentials 







‘ _l _m _n _?p 
(5) seals Ay= 0) Ay” -, om 
we find that the equation 

1 0& 
div A +2 =0. 










is satisfied, and that there is no charge or convection current at space-time 
points for which o + 0. 

The quantity o vanishes when (2, y, z, t) is on I and also whenit lies on 
one of two lines through the effective position of M. To see this let 
(¢’, n’, ¢’) be regarded as the coérdinates of a point U within the sphere 


X4YV4R=¢ 


which we shall denote by S. The conditions (3) imply that the point Q 
whose coérdinates are (I/cp, m/cp, n/cp) lies on the polar plane of U and 
also on the sphere. Now the polar plane of U lies outside the sphere and 
so only meets it in imaginary points, hence the ratios l/p, m/p, n/p are not 
all real. Since, moreover, the polar plane of U meets the sphere S in an 
imaginary circle C it is clear that there are ©’ possible sets of values of 
l,m, n, p. Now let (x — £)/ce(t — 7), (y — n)/e(t — 7), (2 — §)/e(t — 7) be 
regarded as the coédrdinates of a point P on the sphere S. The tangent 
plane at P meets the circle C in two imaginary points R, R’. If one of these 
coincides with the point Q the expression ¢ vanishes. 

Now if Q = R the codrdinates of R’ can be written down at once by 
changing i into — 7 in the codrdinates of R. Having found R’ we can 
determine P by drawing tangent planes through RR’ to the sphere. The 
points of contact of these two planes will be the two possible positions of P. 
Now these points lie on the polar line of RR’ and this is a line through U 
perpendicular to RR’ which cuts the sphere in two real points PP’. 

Taking the real (or 7 times the imaginary) parts of the potentials (5) 
we obtain a real electromagnetic field with the following properties. There 
as a primary singularity M moving with a velocity less than that of light along 


_ Annals of Mathematics, 2d series, vol. 14, Dec. (1912). 
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a curve T. There are secondary singularities radiating with the velocity of 
light from points of the curve T, there being two rectilinear rays through each 
point of this curve. The direction of motion of M bisects the angle between 
the two rays and the angle which it makes with either has a cosine equal to 
v/c, where v is the velocity of M. 

It should be noticed that if M is moving along a straight line with con- 
stant velocity and I, m, n, p are regarded as constants, the electric and 
magnetic forces derived from the potentials (5) are everywhere null. Hence 
the electromagnetic field under consideration is of a type which only comes into 
existence when the velocity of the primary singularity changes, or the direc- 
tions of the rays alter. 

The components of the electric and magnetic vectors D, H are given by 
equations of type 


H. of[n o(=)=(" - ar) gs — (ye 
=5(° )-5, ¢) \o oy o oa }dz’ 
D.= -73(5)- 2 (2) = -i(c- =) a (2 - <P) 
“ cal Ox c\o a “\o o J dx’ 


where 


K=lV(a4—& +m'(y — 9) + n'(z-—$) -—ep'(t — 7). 


It follows from these equations that* 


sel gH gels = 0 


l dr 


oo tet 5 i De 5s Dv = 0, 


o Or Or 
7D: + ay" 92D? — 0, 
hae 


Or Or 
cat jy te + 9, Hy = 0. 


Hence the electric and magnetic vectors are at right angles and are equal in 
magnitude. Poynting’s vector has components proportional to d7/dx, Ar/dy, 
0r/dz and so is along the radius from the effective position of M. 
When the real or imaginary parts of D and H only are retained all the 
above conclusions remain valid. 
3. Another conclusion which may be drawn from equations (6) is that 
the electromagnetic field can be transformed into another one of the same 
-* We make use here of the relations 
Or Or Or 
_ a 
z-—-é& y-n ““~Fr ~ a(t — 7) 
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general type but associated with a different curve I’. The equations of 
the transformation are* 


v= afc) — [SE dr, 2 = afr) — fF ~@Ear, 


(7) 
y =u) — [SP ardr, t= os) — fof dr, 
where 7 is defined in terms of x, y, z, t by the equations (2) and 7» is a con- 
stant. 
This transformation makes the curve I correspond to a curve I’ defined 
by the equations 


(8) z’=a(r), y' =B(r), 2 =r), Uv = Ar), 
where 

a’(r) = f(r)i'(r), = B'(r) = f(r) n’(7), 

v'(r) = f(r)g"(7), 6'(r) = f(r). 


It is clear from these equations that the two curves [ and I’ have the same 
spherical indicatrix and that the velocities at corresponding points are 
equal. If I is a plane curve so also is I’. The relation 


(9) (x! — a)? + (y’ — 8)? + @’ — v7)? = et’ — 6)? 


is evidently a consequence of (2). The inequality ¢’ > @ is a consequence of 
{> 7 if f(r) is positive and then @ increases with r. 

Defining the potentials for the corresponding electromagnetic field 
by the equations 
(10) Al =5, Ay =<, A,’ =<, 
where 


o’ = I(x’ — a) + my’ — B) + nz’ — y) — cpl’ — 9), 
it is easy to see that o’ = of(r) and 


(11) A,’dr’ + A,'dy’ + A,’dz’ — cb'dt’ = A,dx + A,dy + A,dz — cbdt +4 dr. 


From this equation we may deduce thatt 
H,'d(y’, 2’) + H,'d(2’, x’) + H,'d(v’, y’) + cD,d(z’, t’) 
(12) + cD,'d(y’, t') + cD,'d(z’, t') = H.d(y, z) + H,d(z, x) 
+ H.d(z, y) + cD,d(z, t) + cD,d(y, t) + cD,d(z, t), 


and so the relations between the electric and magnetic vectors at corre- 


* Proc. London Math. Soc., Ser. 2, vol. 10 (1911), p. 96. 
t The method of derivation is explained in former papers. See the next reference. 
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sponding points of the two corresponding fields may be written down at 
once. 

The fact that this transformation implies the covariance of the electro- 
magnetic equations is a consequence of equations (6) and (12) as is indicated 
by the analysis in a former paper.* 

4. In conclusion it may be worth while to point out that the solution 
of Laplace’s equation given in my former paper may be obtained by contour 
integration. 

It is known that z/+vz + zy - 1/r? is a solution of Laplace’s equation: 
for it may be written in the form 


1 1 1 
ree 
Qvr+iylL2+ip 2— lp 
where p? = 227+ y*, and (1/~+zx + zy)f(z + ip) is known to be a solution. 
Generalizing this by a change of rectangular axes we may say that 


é’(u)[z — §) + n’(w)[y — a) + owe -— FJ 1 


(U(u)[z — &] + m(u)ly — a] + n(u)[z — g]}! @ — 8)? + YY — 2)? + @-3)? 
is a solut-on provided 

lé’(u) + mn’(u) + ng’(u) = 0, 
? + m?+ n? = 0. 





Integrating round a closed contour containing only one root of the equation 
[z — E(u)? + [y — n(u)}? + [2 — S(u)P = 0 
and no root of the equation 
Ux — t) + my — n) + n(z2— 5) = 0 


we obtain the required result. 
Another theorem of a similar character is that if F(X, Y, Z) is a homo- 


geneous function of degree } satisfying Laplace’s equation, then 


V=Flr-i,y—1,2-$] 


is also a solution of Laplace’s equation. The corresponding theorems for 
the equation of wave motion are as follows: 

If 7 is defined by equation (2) and F(X, Y, Z, T) is a homogeneous func- 
tion of degree zero satisfying the equation of wave motion, the function 


V=Flr—-i,y—1,2-{,t-—7] 


also satisfies the equation of wave motion.t 


} Three particular cases of this result are given by E. T. Whittaker, Proc. London Math. 
Soc., Ser. 2, vol. 1 (1903). 
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If F(X, Y, Z, T, 7] is of degree — 1 in X, Y, Z, T and is a homogeneous 
function of these variables satisfying the equation of wave motion and the 
additional equation 


,aF | ,aF ,.,aF 1 oF | 
Sax tay tl az —e@ ar ~% 


then the funct on 
V= Fix = E(r), y— n(r), = f(r), t=- T; 7] 


satisfies the equation of wave motion. 

The transformation (7) converts these wave potentials into wave po- 
tentials in the (z’, y’, 2’, t’) coérdinates. The new potentials are of the 
same general character as before but are associated with the curve I’. 


Jouns Hopkins UNIVERSITY, 
March 15, 1913. 
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RELATION BETWEEN THE ZEROS OF A RATIONAL INTEGRAL 
FUNCTION AND ITS DERIVATE. 


By Tsvurvicut Hayasui. 


The theorem: If f’(z) is the first derivate of a rational integral function 
f(z), then on the Gaussian plane of complex numbers all the roots of the 
equation f’(z) = 0 lie inside the smallest convex rectilinear polygon sur- 
rounding all the roots of the equation f(z) = 0, is well known.* All the 
proofs for this algebraical theorem are given by using dynamical conceptions, 
as far as I know.t SoI shall prove it here without using any idea of force, 
but still by starting from the equation 

f(z) 1 1 1 
(1) fie) 2-24," > ++0 


2— 2s 2— Zn 


=0, 


in which 2), 22, ---, Z, are the roots of f(z) = 0. Let a be any complex 
number and let equation (1) take the form 


Put 


then 


a ee 


7a} Os Zr 


z—a £ 


If we observe the imaginary part only of this equation, we find that & 7 
can not take those values for which all the expressions £n, — nt, have the 
same sign,{ since, if this be so, the imaginary part does not vanish. Now 
the equations 

En, — ni, = 0 


represent the straight lines joining the point a to the points 2, 22, ---, Zn 





* For the literature of this theorem consult L. Fejér’s paper ‘‘ Ueber die Wiirzel vom kleinsten 
absoluten Betrage einer algebraischen Gleichung,”’ Math. Annalen, Bd. 65,8. 417, 1908, E. Cesaros’ 
paper, Nouv. Annales de Math., (3)4, p. 329, 1885, and Cesdro-Kowalewski’s ‘“Elementares Lehr- 
buch der algebraischen Analysis,” S. 434, 1904. 

t See L. Fejér’s paper, W. F. Osgood’s “Lehrbuch der Funktionentheorie,” Bd. I, 8S. 176, 
1907, etc. 

t Some of these expressions may be zero. 
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Hence if we make the point coincide with one of the vertices, A say, of the 
convex rectilinear polygon under consideration, then we find that the point 
(é, n), and therefore the root z of f’(z) = 0, can not lie within the exterior 
angles at A, since these regions are on the same-sign sides of all these straight 
lines. Next let the point a come to the vertex B; then the root of f’(z) = 0 
can not lie within the exterior angles at B. Thus by letting the point a 





coincide with the vertices of the polygon successively, we find that all the 
roots of f’(z) = 0 can not lie within the shaded portion as in the accom- 
paning diagram. If we consider the real part of equation (2), and the 
circles 


whose diameters are the joins of the points a and z;, we can arrive at the 
same result. 
SENDAI, JAPAN, 
January, 1913. 

















THE INVARIANTS, SEMINVARIANTS AND LINEAR COVARIANTS OF 
THE BINARY QUARTIC FORM MODULO 2. 


By L. E. Dickson. 
Denote the quartic form by 
(1) ax! + bry + cr’y? + dry’ + ey’, 


where a, ---, e are undetermined integers taken modulo 2 so that a? = a, 
ete. Upon replacing z by x + y in (1), we obtain a new quartic with the 
following coefficients modulo 2: 


(2) a=a, =), c=b+e, d=b+d e=a+b+ct+dte. 


A polynomial P(a, ---, e) with integral coefficients is called a seminvariant 


of (1) modulo 2 if 
Pia’, ---, e’) = P(a, ---, e) (mod 2). 
THEOREM 1. Every seminvariant is a rational integral function of 
a, b a=(b—1)c, B=c+d, y=ac+cd + be, 
8) 6=(b-—1)(a+c+d-— le. 


The functions (3) are easily verified by means to (2) to be seminvariants. 
The theorem will follow* if we show that these six seminvariants serve to 
characterize the classes of quartics (1) under the set of two transformations 


(T) r=2' +t’, y=y' (mod 2). 


Two quartics are said to be in the same class if and only if they are trans- 
formable into each other by transformations of type (7). 
If b = 1, we apply (T) for t = ¢ to (1) and get 


(4) ax’ + xy + Bry? + vy’. 

Ifb =0,a+ec+d=1, we apply (T) for t =e to (1) and get 

(5) ax! + ax’y’ + (a + B)ry’ (a+ B=1). 
Ifb=0,a+c+d =O, (1) becomes 

(6) ax‘! + ax’y? + (a + B)ry® + by! (a+Bp=0O0). 


Since the forms (4)-(6) involve only the seminvariants, the theorem follows. 
THEOREM 2. A complete set of linearly independent seminvariants is 





* American Journal of Mathematics, vol. 31 (1909), p. 337. 
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given by the following twenty: 
(7) 5, da, ba, daa, b, ba, bB, bag, 
(8) 1, a, a, da, B, Ba, Ba, Baa, 7, va, vB, yap. 


The number of forms (4)-(6) is 8 + 4 + 8, so that there are 20 classes. 
Hence there are exactly 20 linearly independent seminvariants.* But 


(9) 6b=0, 6B =6a, by=ba, ba=0, (b-—1)y=ayvy=a(l+a+68). 


Hence any polynomial in the functions (3) is a linear function of the eight 
functions (7) and those combinations (8) of a, a, 8B, y which lack ay. Asa 
check, we may verify that the twenty functions (7), (8) are linearly inde- 


pendent modulo 2. 
A seminvariant unaltered by the substitution (ae)(bd), induced by the 
interchange of xz and y, is an invariant. Obvious invariantst are 


L=b+c+d=b+68, Q=c+ bd =a+ bf, 
_ M = ace(b — 1)(d — 1) = aaé. 
From the product of the first two we obtain 
(1) J=(6—-De-)NAd-1) =L+NQt+) =6+)6+at+)). 
General theoremst{ give this J and 
(12) I = (a — 1)(e — 1)J = (a — 1) + 06 + 8). 
There are two further invariants of the second order: 
V=ad+be+cL=a+y7t+ 48, 
_ W =ae+ (at+e\(L+1) =6+a+ab+ay+ By +48. 
From these we get§ 
WL = aeL = a(6 + 7 + By), 


14 
-_ VL + V = abd + acd + bce + bde = aa + By + abs. 


The preceding nine invariants have been expressed linearly in terms of 
the seminvariants (7), (8). From the general linear function of the latter 
we subtract constant multiples of 


(15) I, M, WL, W, VL, J, V, Q, ZB, 1 
* Trans. Amer. Math. Soc., vol. 10 (1909), p. 126. 
t The algebraic invariants 47 and 16J of (1) reduce modulo 2 to Q and V + LQ. See also 
end of paper. 
t Trans. Amer. Math. Soc., vol. 8 (1907), pp. 206-7, § 1, § 3. 
§ The eliminant of (1), 22 = 2, y = y is ael. See preceding paper, § 4. 
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to eliminate in turn the terms in 
ad, aad, ad, 5, By, aB, y, 68, B, 1. 
It therefore remains to test for invariance a function 
A = k,b+ koba + kabaB + kia + ksa + keaaw + kyBa + ksBax 
+ kya + kya, 
in which the k’s are constants. Applying the substitution (ae)(bd), we get 
A’ = kid + kode + ksde(c + b) + kue + ks(d — 1)e + kel(d — 1)ce 
(17) + ki(c + bye + ks(b + 1)(d — 1)ce + hoy’e + kivy'e(e + 5), 
vy’ =ce+ be + ad. 


(16) 


By the terms free of e, k; = 0 (¢ = 1, ---, 8), ky = Kio. Then ky = 0. 
THEOREM 3. The ten functions (15) form a complete set of linearly 
independent invariants. They are linearly independent of the ten semin- 
variants in (16). 
The invariants (15) are functions of L, Q, J, V, W since 


(18) M=I4+J+W(Q4+L41), J=(L+1)(Q4+)1). 
Any polynomial in these five can be expressed as a linear function of the 
invariants (15) by use of the relations (18) and 
(19) WV=VL+V+WL, QV =VL+V+QL, =z, Ix=0, 
where z is any one of the five. By the linear independence of the functions 
(15) we thus obtain 

THEOREM 4. As a fundamental system of invariants we may take L, 
Q,I,V,W. No one of these is congruent to a rational integral function of the 


remaining four. 
A linear covariant of (1) must evidently be of the form 


C=(itA)zr+(itA’y, 


where 7 is an invariant, while A and A’ are given by (16) and (17). This C 
has the covariant property with respect to the interchange of z and y. 
Its covariance with respect to x = 2’ + y’, y = y’, requires that 


G+A)\(at+y+i+by=C, 
where £ is the function derived from A’ by the substitution (2). Thus 
1=A+A'’+H+E. 


Since A is a seminvariant, this 7 is evidently unaltered by (2). It will 
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therefore be an invariant if unaltered by the substitution (ae)(bd). The 
latter condition is found to give 


i=k(VtL)+khs(VL+V)+khbL+k:Q + ke(LQ + VL + V) ' 
+ khyV + (kg + hy + ko) LQ. 


Denote by KA; the covariant obtained by setting k; = 1, k; = O(k+ 7). 
These covariants are linear combinations of products of 


(20) =br+dy, w=(L+ajr+(Lt+e)y 
(viz., K,, Ay) by invariants. Indeed, 
Ks = (Q+ a)x + (Q+ cd + c)y = b(c + d)x + d(c + b)y 
= (L+ 1) =Q), 
kK; = (V + Ba)x + (V + ce + be)y = WA 4+ Vu, 
=(L+1)(ax+ey)=(L+1)u=Wa, K;=(L+1)K;, 
Qu= Vit K;, 
Ks = c(b + 1)(d + 1){(a + 1)z + (e + I)y} = QWu + Ky 
= (VL+V)\+ K; + Keg, 
Ky = VA+ un) + Ks, Ky = Ky + WI). 


THEOREM 5. The ten linearly independent linear covariants are functions 
of the two covariants (20) and the invariants. 

In addition to the syzygies between (20) and invariants which are 
included in the preceding set of relations, we note 


Ih = Md = JX = Ip = Mp = 0. 


The resultants of \, w; A, quartic (1); uw, (1) are respectively V + L 
V+ LQ, L+ WL. The modular invariants of \ and yu are respectively 
(6-—1)(d-—1) =Q4+L4+1,W4+2L41. 


UNIVERSITY OF CHICAGO, 
June, 1913. 
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EXAMPLES OF NORMAL DOMAINS OF RATIONALITY BELONGING 
TO ELEMENTARY GROUPS. 


By G. A. MILLER. 


Introduction. 


The object of the present expository article is to furnish an approach, 
which is very direct and elementary from a certain point of view, for a 
study of the theory of groups of normal domains of rationality. Only a 
few fundamental theorems relating to the theories of groups and domains 
of rationality will be assumed as known. The most important of these 
theorems for our purpose may be stated as follows: If the irrational number 
p; generates a normal domain and if the other roots (p2, p3, +--+, pn) of the 
irreducible equation which p, satisfies are expressed as rational functions 
of p; then we can obtain the group of this domain as a regular substitution 
group by replacing p; successively by pi, p2, --+, pn in all these rational 
functions and by noting the permutations of the values of these functions.* 

It will always be assumed, in what follows, that the irreducible equation 
f(x) = 0 which p; satisfies, has rational coefficients and hence it lies in the 
natural or absolute domain of rationality. Hence, we shall assume that 
f(x) is not the product of two rational integral functions of x with rational 
coefficients. In the first section of the present article we shall determine 
a domain of rationality for each one of the groups whose order is less than 8. 
Only one of these groups is non-abelian, viz., the symmetric group of order 
6. In the second section we shall consider briefly domains belonging to 
two infinite systems of very elementary groups. The central point of view 
will be the group and its applications rather than the domain and its 
properties. 


1. Domains Belonging to the Groups whose Orders are less than 8. 


In case of the group of order 2 the considerations are very elementary 
and may appear trivial. For the sake of completeness from the present 
point of view we shall, however, give some of the details even in this case. 
The two roots of any quadratic equation az? + br + c = 0 are rational 
functions of each other since the sum of these roots is — b/a. If pi, pe 
are these roots it results that p: = ¢1(p1) = pi, p2 = ¢2(p1) = — b/a — pi. 
By replacing p; in these functions successively by p; and p2, and noting the 
 *Cf A. Weber, Kleines Lehrbuch der Algebra, 1912, p. 245; F. Cajori, Theory of Equations, 


1912, p. 161. 
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permutations of these values, we obtain the following two substitutions: 
1, (pip2). Hence each root of any irreducible quadratic equation generates 
a normal domain which belongs to the group of order 2. 

In the case of cubic equations it is evident that each root is not neces- 
sarily a rational function of every other one since two of these roots may be 
complex and the third real. It is, however, easy to construct special 
irreducible cubic equations which have the property that each root is a 
rational function of some one, and hence to find numbers which generate a 
normal domain belonging to the group of order 3. To find one such number 
we may consider the imaginary seventh roots of unity 6, 6, 6, 6*, 6°, 6°. 
We shall thus find also a domain belonging to the cyclic group of order 6. 

In fact, if we replace 6 successively by 6, 6°, ---, 6° in the following 
equations: 

ai =8, p=, p=6, pp =O, pp= 6, po = # 


we evidently obtain the group of the totitives mod 7, and this is the cyclic 
group of order 6.* It therefore results that the number 6 generates a domain 
which belongs to the cyclic group of order 6. Since pi, ps; p2, ps3 ps3; Ps 
are the three systems of imprimitivity of this cyclic group, corresponding 
to its subgroup of order 2, it results that each of the three numbers 


Wi=0+6, wW=F+%, =F +6 


generates a domain of rationality which belongs to the group of order 3. 
To verify this statement we may observe that these three numbers are 
the roots of the irreducible equation z* + 2? — 2x + 1 = 0, and that 


Yi = o1(¥i1) = 1, ve = oti) = WP —2, vs = o3(tn) = —YPX—W4+1, 
Y2 = ¢1(2) =, ¥3= ¢2(W2) _ y2” as 2, yi= ¢3(Y2) = v2 —yYot , 
v3 - ¢i(Ws) - YW, V1 ¢o(Ws) = v3 _ 2, Y2 = ¢3(Ws) = ys _ Ys + 1. 


Since the given cyclic group of order 6 has for its two systems of im- 
primitivity, corresponding to its subgroup of order 3, the two sets 91, po, 
P43 P3, Ps, Ps, it results that each of the two numbers 6 + @ + 6, @ + & + 
generates a domain which belongs to the group of order 2. In fact, these 
numbers are the roots of the irreducible equation x? + x + 2 = 0. 

We proceed to determine a domain for each of the two groups of order 
4. Ifqaisan imaginary fifth root of unity it satisfies the irreducible equation 
a§'+2°+ 22-+2-+1 = 0, and the other three roots of this equation are 
a’, a’, a’. Hence the group of the domain generated by a is the group of 
the totitives mod 5; that is, the group of the four numbers 1, 2, 3, 4 when 
these numbers are multiplied together and the products are reduced mod 5. 


7 “Cf. P. Bachmann, Die Elemente der Zahlentheorie, 1892, p. 89. 
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It is easy to verify, and well known, that this group is the cyclic group of 
order 5, and hence each complex fifth root of unity generates a domain be- 
longing to the cyclic group of order 4. 

As an instance of a domain which belongs to the non-cyclic group of 
order 4 we may mention the one which is generated by p; = pi! + p.}, 
where p; and p2 are distinct rational prime numbers. It is easy to verify 
that p; is a root of the irreducible equation 


x! — 2(pi + ps)? + (pi — pro)? = 0. 
Adopting the notation 


pi = pil + po, ps = — pi + p.!, 


p2 = pit — pr}, ps = — pi} — pe}, 


it is clear that the first three powers of p; give rise to only three linearly 
independent irrational numbers in the natural domain; viz., p,', p2!, and 
pip’. The determinant of the system of the three equations thus formed 
cannot vanish since there is no rational relation between these powers of 
pi because p; is a root of an irreducible equation of degree 4. Hence these 
equations can be solved and each of the roots pi, p2, p3, 9; can be expressed 
as a rational function of any one of them. 

It is now easy to see that the group of the domain generated by p; is 
actually the non-cyclic group of order 4. In fact, all the substitutions 
besides the identity of this domain must involve a transposition, since 
these roots consist of two components, which are linearly independent in 
the natural domain, and these components differ only with respect to sign. 
Hence we pass from one of these roots to the other, in the functions which 
express all of them in terms of a particular one, by means of an operation 
of period 2. These observations may easily be verified by actually com- 
puting the functions in question and then replacing p; by each of the other 
roots. The functions are as follows: 


pi = ¢1(pi) = pi + po} Pi, 
pr — 2(pi + po)pr 
P2—- pr 
pi® — 2(pi + pe) pr 
Pi — Pe 
ps = gulp) = — pi — p2) == ~1. 


= ¢2(p1) _ pi = po} 


’ 


is = ¢3(p1) = pi + pe! = 


’ 


If p; is replaced successively by 1, p2, ps, ps, there result the substitutions 
of the four group; that is, the number pi} + p2', where p; and pz are distinct 
rational prime numbers, generates a domain whose group is the non-cyclic 
group of order 4. 
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To find a domain belonging to the group of order 5 we may use the ten 


complex eleventh roots of unity. Each,of these roots generates a domain- 


belonging to the cyclic group of order 10 and the pairs of roots corresponding 
to the five systems of imprimitivity of this cyclic group must therefore 
generate a domain belonging to the group of order 5. If these ten complex 
roots are B, 6, 6, 8, 6°, B*, B’, 88, 8°, B, the group of the domain generated 
by 8 involves the following substitution: 


(68°8*B°B°B'"8"3"B*B%). 
Hence each of the five numbers 
B+, C+, FC+F, +0, F+F 


generates a domain belonging to the group of order 5. It is not difficult to 
prove that the irreducible equation which has these five numbers as roots 
is as follows: 

r+ 2! — 42° — 327° + 374+ 1. 


The domains which have been considered thus far are called abelian 
since they belong to an abelian group. We proceed now to determine a 
non-abelian domain; viz., one which belongs to the symmetric group of 
order 6. The domain generated by p; = V— 3 + pt, p being any prime 
number, is non-abelian. In fact, the six roots of the irreducible equation 
which is satisfied by p; are as follows: 


p= V—34+ pl, pp = V—3+4+ op', ps = V—3 + opi, 
po= — V—3+4p', ps=— V—3+ ap, pp = — V-3 + o'pl. 


The substitution which corresponds to the case when p; is replaced by p, 
merely changes the sign of ¥— 3, and hence it is as follows: (194) (26) (p3p5)- 
The substitution corresponding to the case when p: is replaced by p; changes 
the sign of V— 3 and multiples p! by w. Hence it is as follows: (196) (e295) 
(p3p;). As these two substitutions of order 2 have a product of order 3 
they generate the dihedral group of order 6*, which is simply isomorphic 
with the symmetric group of order 6. This proves the following theorem: 
the number V— 3 + p! generates a domain which belongs to the symmetric 
group of order 6. 

It remains only to construct a domain belonging to the group of order 7. 
This may readily be done by means of the complex roots of the equation 
z® —1=0. If6@issucha complex root it generates a domain which belongs 
to the cyclic group of order 28. Each of the seven distinct sets of sums of 
four roots corresponding to the subgroup of order 4 in this cyclic group of 


*G. A, Miller, Bulletin of the American Mathematical Society, vol. 7 (1901), p. 424. 
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122 G. A. MILLER. 


order 28 must therefore generate a domain which belongs to the group of 
order 7. As 12 belongs to exponent 4 mod 29, it results that one of these 
seven sets of numbers is @ + 6 + 6% + 6. That is, 2f 6 is a complex root 
of the equation x — 1 = 0 then will the number 6 + 6” + 6° + 6" generate 
a domain which belongs to the group of order 7. 


2. Domains Belonging to Two Infinite Systems of Groups. 


One of the most elementary infinite categories of groups is composed of 
all the possible groups which involve only operators of order 2, in addition 
to the identity. There is one and only one such group of order 2", m 
being an arbitrary positive rational integer, and all of these groups are 
abelian.* It is very easy to find a domain of rationality for each one of 
these groups. In fact, the number p; = p;' + po! + --- + pnt, where 
Pi, Po, ***, Pm are distinct rational prime numbers, generates a domain 
which belongs to this group of order 2". To prove that each of the 2™ 
numbers = p;! + po! + --- + p,,’ is a rational function of p,; we observe 
that the first 2" — 1 powers of p; involve exactly 2" — 1 irrational numbers 
such that no two of them have a rational ratio, since the number of linear 
combinations of pi, po, -+-, Pm is 

m(m—1) . m(m—1)(m— 2) 


M+ —~oy of 31 +---+m+1=(1+1)"-—1=2"-1. 





As p; is a root of an irreducible equation of degree 2”, whose roots are 
+ pi + po) + --- = p,}, it results that the given 2" — 1 powers of pi: 
are linearly independent in the absolute domain of rationality. Hence the 
determinant of the system of 2" — 1 equations arising from these powers, 
the unknowns being the 2" — 1 combinations of p,', ps, ---, Dm, cannot 
vanish. That is, each of these unknowns is a rational function of p;. In 
particular, each of the 2” numbers = p,! = p.! + --- + p,,' is a rational 
function of p. 

Suppose that each of these numbers is expressed rationally in terms of 1. 
If we replace p;, in each of these 2” functions, by its value p,! + pot + --- 
+ pn’, the coefficients of each of the 2" — 1 given unknowns, except those 
of p;', po, ---, Pm’, must vanish. If we replace p; by any other one of the 
roots = p,' = p.! = --- = p,' in each of these 2" functions, the same 
coefficients must evidently vanish, and the values of these functions can be 
obtained from those in which the value of p; was substituted by merely effect- 
ing the corresponding changes of signs in the coefficients of p;', po', ---, Dm'- 
As this is an operation of period two, it results that all the non-identical 
substitutions of the domain generated by p; must involve cycles of order 2. 


* G.A. Miller, Quarterly Journal of Mathematics, vol. 28 (1896), p. 208. 
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As these substitutions are also regular, it follows that they all are of order 2, 
That is, the domain of rationality generated by the number p;} + p2' + --- 
+ pm', where pi, P2, *+*, Pm are distinct rational prime numbers, belongs to 
the abelian group of order 2™ and of type (1, 1, 1, ---). 

Another very elementary infinite system of abelian groups is composed 
of all the groups which can be represented as groups of totitives; that is, all 
the groups formed by the ¢(m) positive rational integers which do not exceed 
m and are prime to m when these integers are combined by multiplication 
and the products are replaced by their least positive residues mod m, m 
being an arbitrary positive rational integer. This infinite category of 
groups may also be defined as composed of the groups of isomorphisms of 
all possible cyclic groups. 

It is well known that the equation of degree ¢(m), whose roots are the 
¢(m) primitive roots of the equation z™ = 1, is irreducible.* If 6 represents 
one of these roots each of the other roots may be obtained by raising 6 
to the powers whose indices are the ¢(m) totitives of m. Hence it results 
that these roots are permuted according to this group of totitives if we express 
all of them in terms of @ and then replace 6 in these expressions successively 
by each one of them. In other words, any primitive mth root of unity 
generates a domain whose group is the group of the totitives of m. 

While it is thus easy to find a domain of rationality whose group is an 
arbitrary group of totitives, and to construct a domain for each one of a very 
interesting system of abelian groups, the most important matter related to 
this subject has not yet been mentioned. This may be stated as follows: 
It is possible to find a group of totitives which has any arbitrary abelian group as 
one of its quotient groups. Since a transitive abelian group permutes a set 
of systems of imprimitivity according to each one of its possible quotient 
groups, it results from the italicized theorem which has just been stated 
that it is always possible to find sums of primitive roots of unity such that each 
of these sums generates a domain of rationality belonging to any arbitrary 
selected abelian group. We proceed to establish these theorems. 

To prove the former of these two theorems we need only combine the 
following two well known results: Every arithmetic progression in which the 
first term and the common difference are relatively prime involves an infinite 
number of prime numbers, and an abelian group has a quotient whose 
invariants are the same as the invariants of any given subgroup of this 
abelian group. From the former of these two theorems it results that there 
is an infinite number of different primes such that each of them diminished 
by unity is divisible by an arbitrary number n, and hence it is possible to 
find a number m such that the group of totitives involves an arbitrary number 


* Cf. P. Bachmann, Die Lehre von der Kreisteilung, 1872, p. 321. 
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124 G. A. MILLER. 


of independent cyclic subgroups of order n, n being an arbitrary positive 
rational integer. Hence it results from the latter of the given theorems that 
it is possible to find a group of totitives whose quotient group has an arbitrary 
set of positive rational integers as invariants. 

If an abelian group is represented as a transitive substitution it must be 
regular and it must involve systems of imprimitivity corresponding to each 
one of its subgroups. In the group of totitives under consideration we can 
therefore add the roots which belong to the same system of imprimitivity 
and thus obtain a number which has the same number of conjugates as the 
order of the quotient group which corresponds to the subgroup under con- 
sideration. This general method was illustrated in the preceding section 
when domains of rationality belonging to the group of orders 5 and 7 were 
determined. From what precedes it results that this method can be used 
to construct a domain belonging to any given abelian group, as was stated 
above. In particular, we can also construct by this method a domain 
belonging to any one of the infinite systems of abelian groups of order 2™ 
and of type (1, 1, 1, ---), which were considered above. 

The proof of the theorem that every possible abelian group is contained 
in some group of isomorphisms of a cyclic group directs attention to the 
question whether every possible non-abelian group is contained in a group 
of isomorphisms of some non-cyclic abelian group. That this question 
can be answered in the affirmative is evident from the fact that in an abelian 
group of order p™ and of type (1, 1, 1, ---) we can establish an isomorphism 
in which a particular set of independent generators corresponds to itself 
as a whole but permutes these generators according to an arbitrary sub- 
stitution of degree m. 

Hence it follows that the group of isomorphisms of this abelian group 
contains as a subgroup a group which is simply isomorphic with the sym- 
metric group of degree m. As every possible group is simply isomorphic 
with some subgroup of a symmetric group, we have established, as a special 
case, the theorem that every possible group is isomorphic with a subgroup in 
the group of isomorphisms of an abelian group. 





ON LEBESGUE’S CONSTANTS IN THE THEORY OF FOURIER’S SERIES.* 
By T. H. GRonWALL. 


The definition of the nth Lebesgue constant p, is 


_2 a [sin (2n + 1)t 
sin t 


a 


and by certain transformations of this integral, I have shown in a previous 
papery that 
(1) Pnti > Pny (n = 1, 2, 3, ---). 
In the latter part of the paper referred to, I used Fejér’s formula 

2. 1 1 
9 -— Pd — 
(2) Pa i 7 fans, + - 1 ? 2n+ 1 


TW yal 
to obtain a general asymptotic expression for p,; and from the point of view 
of unity in method, it is desirable also to deduce (1) directly from (2). This 


is the purpose of the present note. 
From (2) we obtain at once 


- 2 1. 1 ‘ = (t bq utr ) 
Pn+i — Pn r ‘ 2n an >) = 5+ 
. oe. 
2n+3 2n+1 
Qu 
a: NGa +3). 


aL 


sin ; 


, gr z ‘thoes 2n o< 
9 


~ (2n + 1)(2n + 3) 
‘n+1 -_ 2(2n + 3) 


4 n 
~ (2n + 1)(2n + 8) Xu 


1 





Te ur 
cos on + 1 COs n+ 3 > 3 
2 
| — Gn + 1Q@n +3)’ 
* Presented to the American Mathematical Society, February 22, 1913. 


t “Uber die Lebesgueschen Konstanten bei den Fourierschen Reihen,”’ Math. Annalen, vol. 72 
(1912), pp. 244-261. 
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or introducing the summation index vy = n — u, 


3 | bo 


- a an 
n+ 1°" 22n + 3) 
(3) ~ Qn+1)(Qn+3) 5, Wtil ax. 2v+3 x 


sin = — sin; ; 
2n+1 2 2n+3 


Pn+1 —~ Pn > 


bo| 


2 
~ (2n + 1)(2n + 3)’ 
From the formula 


1 


x 
; = cot 5 —cotz 
sin x 2 


and the development of the cotangent in partial fractions it is seen that 


1 1 1 i 2 1 
z (35- =) - tis —2 nr za) 


and since each term in the series increases monotonely with z for 0 <z 
< 7/2, the same is true for the left hand expression, so that 


1 1 1 2 2 T 
=< -—; —-—j<—{tl—-— O0<z<=}, 
z\sinz x T T 2 


or denoting the right hand constant by a, 


1 


] T 
mz 2** (o<z<$). 


(4) 


In the same way, it is seen that 


1/1 = 2 
= (= cot 2) * he 


x 1 nex? — 2 


increases monotonely with z for 0 < x < 7/2, so that 





1 4 T 
cotz>7 — ar (0<2<$). 
We have, therefore, 
2.3 a a 54. m+3_ 4 1 
(3) x n+1° 22n+3)~ P n+1— x (n+ 1)(2n+4+83) 
| mF, 2s oe se 
mw n+3 ee! et Qn+1- 2? (Qn + 1)(2n 4+ 3)* 





ON LEBESGUE’S CONSTANTS. 
Now (4) gives 


4 1 16 1 
(Qn+1)Qn 43)", Qv+1r QW +3x~ x Qy + IQ +3) 
n+12"an+32 
1 Qy+1 1 +3 (2y + 1)(2» +3) 
+ 4a( on +1)?'2)4+37 Qn +3) 2+ t) + at" on + 1)2(2n +3)" 
We have 











<i 6 1 8 1 8 1 
2 Qv $1)Qr +3) ~ =} * Poy +1 ~e53) > a(1 - mri) 


and 


1 Qt, 1 aet+8_ 
(Qn + 1)? 2v+3 ° (Qn+3)? 2v+1 (2n+1)? (2Q2n+1)? 2¥4+3 


1 2 1 1 1 
+ On +3) +t Qn +3)? +1 < Qn + it Gn +3p 





2 ( 1 _ 1 ) 
T On +3)?\2o+1~ 243)” 
whence 


= 1 2v+1 1 2v+3 nm , nm 
o (aap ‘Oyv+37 (Qn +3)? tt) <artat Gee 


v=0 





2 1 1 1 
+areapl-m ei) “esi FDTD 
Sn + 6 endl 1 
~ (2n + 1)2(2n + 3)? ~2n+1 °° (2n+1)(2n+ 3)’ 
Furthermore we have 
1 
(2n + 1)?(2n + 3)?S 


1 F Get HGrts)Grts)— — (2v—1)(2v+1)(2v+3) 
~ (2n-+1)*(2n+3)? = 6 


7 1 (Qn — 1)(2n + 1)Qn + 3) +3 
~ (2n + 1)2(2n + 3)? 6 
a 3 ) 
a 5 (55 +1 (2n+1)(2n +8) ° (2n + 1)?(2n + 3)? 


11. 1 
"Qn +1 2° (2n+1)(2n+ 8)’ 








: (2v + 1)(2v + 3) 
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so that we finally obtain 





4 eL oo. a = 
(2n+1)(2Qn+3)% .. Quo+la. 2v+32 ~r 2n+ 1 
(6) SI On +12" 2n+3 2 
4a 4a 4 a*n? 1 - a’ rr 7 1 —— 
T on+1 ~ Qn+1)(2n4+3) + 6 ‘Intl 2 (n+1)Qn43) * 


From (3), (5) and (6) it is now seen that 


1 16 a°n 16 a’r? 1 
oe —__—_—_— is —s — ~+ —_— a . 
Part — Pn > op + ( i ” 6 ) ( ” ae ™ 2 hes + 3 F 


or introducing 


and calculating the numerical values of the constants 


1 - 2.432 
(7) Pnvt — Pn > 5 +1 (0.607 ~ On + } 


This expression being evidently positive for n > 1, our formula (1) is proved. 


PRINCETON UNIVERSITY. 





THE LINEAR DIFFERENCE EQUATION OF THE FIRST ORDER.* 


By K. P. WitiraMs. 
In this paper we consider the first order linear difference equation 
(A) f(z +1) = E(a)f(a), 


where E(x) is an entire function. It will be seen that the theory for such 
an equation gives at once the theory for the equation where the coefficient 
of f(x) is a meromorphic function. 

The equation (A) was first completely solved by Hurwitz, who showed 
the existence of a solution when E(z) is any entire function. He did not, 
however, consider this equation primarily, but rather the equation 


(B) f(z + 1) — f(x) = ¢(2), 


for which he proved that there was an entire solution in case ¢(z) is entire,f 
and a meromorphic solution in case ¢(x) is meromorphic. The logarithmic 
derivative of the first equation reduces to one of the form (B), where the 
known function is meromorphic. Thus the solution Hurwitz gave of (B) 


included that of our equation. 

Somewhat later Barnes§ gave a direct treatment of equation (A), by 
expressing the function E(z) in its Weierstrass factor form. To include all 
cases he found it necessary, however, to know that equation (B) has a 
solution when ¢(z) is an entire function. But Hurwitz proved in an elegant 
way that to pass from the case where ¢(x) in (B) is entire to the case where 
it is meromorphic, is but a simple step, and this, as remarked above, is to 
know completely the theory for (A). Thus we gain nothing if we appeal 
at all to (B) in giving a direct solution for the first equation. The solution 
that Barnes obtained is, furthermore, to a large extent undetermined; for 
it contains certain functions of the zeros of E(x), whose explicit forms, he 
states, he was able to determine only in certain simple cases. 

The present discussion also depends fundamentally on the factor form 
of E(x); but the method is essentially different from that used by Barnes. 
The solution which is obtained is simple, and is completely determined. 

ws Presented to the American Mathematical Society, December 27, 1913. 

t Acta Mathematica (1897), T. XX, pp. 285-312. 

t An interesting discussion of (B) for the case where ¢(z) is entire is given by Carmichael, 
Amer. Journal of Math., vol. XX XV, pp. 165-182. 

§ Proceedings of London Math. Soc. (1904), 2d series, vol. 2, pp. 438-469. Barnes considers 
the equation f(z + w) = ¢(x)f(x), where w is any real or complex constant. This is no more 


general, and adds only to the complexity of the formule. 
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We restrict ourselves entirely to those cases which do not need to be made 
to depend on (B); this includes all cases where /(x) is an entire function 
of finite genus, and also a large class of cases where this limitation is not 
fulfilled. It is also thought that the present method has the advantage of 
showing clearly why a simple choice of certain convergence factors can be 
made. 

Let a}, a2, ---, be the zeros of E(x); then we know by Weierstrass’s 
factor theorem that we can always write 

#1) 


E(x) = eT (1 — 2) etn 


where g(x) is itself some entire function. If we can find an integer k suck 
that the series 
£ 1 k+1 
2 a, 
is convergent, we say the function E(x) is of finite order, and we have the 
simpler form 
koi ypry\n 
4 \ 2545 
E(z) = e972) (1 — =e ( ) 7 
i=1 a, 
If further g(x) reduces to a polynomial of degree g, we say that the function 
E(z) is of finite genus r, where r is the greatest of k and q, provided k is the 
smallest positive integer for which the above series is convergent. We shall 
limit ourselves to the cases where g(x) is a polynomial, the order being either 
finite or infinite. 

The resolution of E(x) into factors suggests at once a method for solving 
our equation; for a fundamental property of such an equation is that the 
solution of 

f(z +1) = us(x)u2(z)f(z), 
where w(x) and u2(x) are known, is found by forming the product of the 
solutions of the two equations 


f(z +1) = ur(a)f(x), and f(x +1) = up(zx)f(z). 


In order to be able to write the solutions corresponding to the exponential 
factors in E(x) we note first that a solution of the simple equation 


f(@ +1) =e" f(a), 
where a is any constant, and n a positive integer, is given immediately by 


abnsi(Z) 


f(z) =e tl 


where ¢,4:(z) is the nth Bernoulli polynomial. The fundamental prin- 
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ciple mentioned above then shows at once how to solve the equation 
f(x + 1) = e?“f(x), where v(x) is any polynomial. In the cases we are 
considering we can thus solve easily the equation 


f(z + 1) = e* f(z), 


which arises from the extraneous exponential factor in E(x); we indicate 
the solution by e#, g(x) being a polynomial which can be explicitly ex- 
pressed in terms of the Bernoulli polynomials and the constants in g(z). 

If now we assume that equation (B) has a solution whenever ¢(z) is 
entire, we see that the equation which we have last written has a solution 
even in case g(x) ceases to be a polynomial, but is any undetermined entire 
function. It was precisely at this point that Barnes introduced (B) into 
his consideration of (A). 

We notice finally that a solution of the equation f(z+1) =(1—2/a;)f(z), 
is given by f(x) = I'(x — a,)(— a;)~*, T(x) being the gamma function. We 
thus have solutions corresponding to all the types of factors in E(x); and 
from these we build up a solution of (A). 

Let us first assume that the function F(x) is of finite order. The 
equation then takes the form 


fle +1) = sade TI (1-2 


) Asay 


: x ] |k+1 . 
the series )> — | being convergent. 


i=1 a) 


A formal solution is at once seen to be 


I(x - a;)e* 





f(z) = @ T] 


iat (— ai)*pi : 
where 
= ¢2(2) ¢3(2) Pk+1(2) = 
92) = 10a, + 2. 302+ Tk + Ia? 
while p;, po, --- are any constants (or periodic functions of period 1). 


If now we can choose the quantities p; so that the above expression is a 
uniformly convergent product we shall have an analytic solution of our 
equation. A method for doing this will be found by means of the asymp- 
totic form of the gamma function. 

Before we proceed, however, we shall introduce a certain convention 
which will save unnecessary repetition. We have frequent occasion to 
use functions of x and a;, say M(z, a;), which have the property of being 
less in absolute value than some properly chosen constant, provided z is 
confined to any limited region, and |a;| is large enough. Since |a,| in- 
creases indefinitely with 7, the last condition will be fulfilled if 7 is sufficiently 
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great, say if i > J. The value of J depends in general on the region in 
which x can vary. Under these conditions we shall merely say that 
M(z, a,) is bounded, always understanding by that term that x and 7 satisfy 
the requisite conditions; that is, x is in some limited region, while 7 is larger 
than some positive integer, depending perhaps on the region in which z 
ean vary. Similarly, when we say a function of a; alone is bounded, we 
shall always mean that it is less in absolute value than some constant if 
la,| is sufficiently great, that is, if we choose 7 large enough. Such functions 
as those described will occur in our work upon breaking off convergent 
series, or series which asymptotically represent a function. 

In order to be able to expand I'(2 — a;), we shall assume for the present 
that all the points a, a2, --- lie to the left of a certain line parallel to the 
imaginary axis, and are arranged in order of increasing absolute values. We 
can then use Stirling’s formula for the gamma function, and we thus obtain 


T(z —a,) = V2r(a — a,)*-* be state (za), 
where 
B, B, 
aitjeadal Oo wm OL. 
(-1B, Ric, a.) 


(2t — 1)2t(a — a,)** (x —a,)***!’ 


the B’s being the Bernoulli numbers, ¢ any positive integer, and R,(z, a,) 
a bounded function. 
Therefore if 7 is sufficiently great we have for the general term of our 
formal product 
ri — aje"” V2x( — a,)-23 


(— a;)"pi 7 Pi 


ev) 





’ 


where, for short, we have put 
w(x) =a;—-x2+ (x — a; ~ 5 )log(1 -=) + 6(x) + Y(x — a). 


We next expand w,(z) in terms of powers of 1/a;._ In the first place we 
have 


1 
—2+(2-a—5)log(1 -2) 


3, 8 k+1 
Pe Ans (=- - “) nica. (2 ee 2) n(x, Qi) 
~~ T.9a,~ 2-8a? RR Dee UT ae’ 
where 7(z, a;:) is bounded. 


The function 6;(x) is already a polynomial in 1/a;, so that we need 
merely transform y¥(x — aj). 
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To find the desired expression for ¥(z — a;) let us formally expand the 
divergent infinite series 


B, at B, 4 B; 
1-22-—a) 3-4(4-—a)''5-6(4r-—a)®> 9°” 





as a series in 1/a,. We obtain for the typical term the expression 


1 s+1 ~ s+1 ms 
e+ par — ( 9 ) Biz + ( 4 ) Buz Steel, 


where the quantity in parentheses ends with (— 1)¢t??Boisy/2, if s is odd, 
and in the term in zif s is even. We can simplify this result by making use 
of the Bernoulli polynomials. 
We know that 
nN 


¢gxA(r) = 2" — > ai (5) Bem _ (7) Bs + ees, 


the expression terminating with the term in z or z*. The general term of 
the above expansion can thus be written 


1 s+ 1 a+l 
oe 4. 0 es al an 2 a 
s(e + 1)a’ {x 2 x $s41(2) + ( 1) Buss ) 
if we agree to put Bi.41)/2 equal to zero when s is even. 

Let us next choose the arbitrary integer ¢ which occurs in ¥(x — aj) so 
that 24+12>+1. It follows then, by making use of the expression 
last obtained, that we can write 


1 - Qa; ‘ 


1 1 3, } 
¥(r —a,) = (a? — 2 — ¢2(x) — By} + 5-32 {2- 32 - el) | 


k+1 
+++ eG4 Dat ght t 2 — guna(t) + (—1) * Best} 


R(x, a;) 
- a,*+! i; 
where R(x, a;) is bounded. 
We now have all the quantities which occur in w,(x) written in terms of 
l/a;, Adding them we find the simple result 


k+1 


2 


—1) * Bes 
, = B, B, B; > + ( ) —* M(z, ai) 
w(x) =a;— 1. 2a; 3: 4a 5-608 + + Ke Dad aH? 





where M(z, a;) = n(x, a:) + R(z, a;) is bounded. 
The essential property of the expression which we have derived for w;(x) 
is that the terms involving 1/a;, 1/a,*, ---, 1/a;*, do not contain the variable x, 
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and are, moreover, the first terms in the series which occurs in the asymptotic 
form of T(—a;). This fact enables us to determine in a simple manner suit- 
able choices for pi, po, --- 
Let us put 
pi = T(—a,) = Wr(— a~* be, 
where 
k+1 
, Bo BE a) 
s(a,) = ai — 1-2a;'3-4a3 + kik + 1)a;* + a,*t!? 


e(a;) being bounded. 
With this selection the typical term of our infinite product is, for large 
enough 2, 
T(z —_ a;)e*? aoe 
(—a,)'T(-—a,) *° ' 


where M’(z, a;) is bounded. 

What we have proved is this: As soon as the region in which x can vary 
is known we can find a positive integer I, and a positive constant K, such that, 
if pi; = T(—a;), the general term of our product is given by the last formula, 
in which |M’(x, a;)| < K, provided only that i > I. 

But we know that the series 





is convergent, and we thus see at once that the selection we have made for 
pi makes our product converge uniformly in any region where its factors 
are all analytic. 

We have then as a solution of the given equation the function 


k+l 
y (2) 


2) 


f(z) = eT] 


i=1 (— a;)7I'(— a;) 


“»(n—1 nap) 


l'(2 — a;)e"= 


This solution is seen to have no zeros in the finite plane, while the nature 
and situation of its singularities follow at once from the theory of the gamma 
function. 

Let us take next the case where the zeros of E(x) are such that they lie 
to the right of a line parallel to the axis of imaginaries. We obtain a 
solution by merely everywhere replacing the gamma function in the above 
result by the second gamma function; the second gamma function, I'(u), 
being the solution of 

f(x + 1) = af(z), 

that is asymptotic to Stirling’s series in the left half plane; it is connected 
with I'(u) by the relation T'(w) = (1 — e?""*~')T(u). 
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Consider now the case where E(z) is any entire function of finite genus. 
To apply the results already obtained we divide the zeros into two groups; 
those on or to the left of the imaginary axis forming one group, and those 
on the right the other. Let us call these two groups a, a2, ---, and by, bo, 
--+, respectively. The solution is then found in a perfectly obvious way as 
the product of the solutions of two equations of the types we have considered, 


and is 
K+1  6,(2) k+l 4,(z) 


wo nZ2(n—l nae) on _ ; n=2 n—I1)ndyr-) 
fla) = ence [LTE — cde Tee — Bye 
cai «= (— @,)7T'(— a,) 1 (— 6,)7I(— b,) 
Since the second gamma function, I'(u), is zero for u = 1, 2, ---, our 
solution is a meromorphic function, with its zeros at the points 


zr=b+n (i,n = 1, 2, ---), 


and its poles at the points 


r=a;j-—n (1 =1,2,---,n = 0,1, 2, ---). 


So far we have assumed explicitly that E(x) is of finite order. Let us 
now suppose that this is no longer the case, but that the function g(z) is 
still a polynomial. By making a modification of our reasoning exactly 
similar to that for finding the Weierstrass primary factors for the corre- 
sponding case we derive a solution, which is obtained from the one above, 
for the case of finite order, by making the summation which appears as 
the exponent of e in the ith factor include terms from n = 2 to n = i. 

We shall finally consider briefly the case where the coefficient of f(x) 
in (A) is a meromorphic function. The results which we have already 
obtained will enable us to show the existence of a solution provided a 
certain restriction is fulfilled. 

Suppose first that the coefficient is the reciprocal of an entire function. 
The substitution f(z) = 1/f(x) reduces the equation at once to the equation 
we have considered. This enables us to treat the general case; for we know 
that any meromorphic function is the quotient of two entire functions. 
Let us denote the extraneous exponential factor in these two functions 
by e” and e”, respectively. Then if gi(x) — g(x) reduces to a poly- 
nomial we see that the solution can be written as the quotient of the solu- 
tions of two equations, each of which we know can be solved. The solution 
will be a meromorphic function, with its zeros and poles at known points. 

The class of entire and meromorphic functions for which we have obtained 
a simple and completely determined solution of (A) is seen to be a very wide 
one. 


BLoomMinGToN, INDIANA, 
June, 1913. 
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GEOMETRIC PROPERTIES OF THE JACOBIANS OF A CERTAIN SYSTEM 
OF FUNCTIONS.* 


By ARNOLD Encn. 


1. In the proofs of the existence theorem for implicit functions of 
several variables the assumption is made that the corresponding Jacobian 
does not vanish for any point within the interval for which the functions 
are defined.t Also in the general theory of analysis situs as developed so far,t 
the cases in which the Jacobians vanish simultaneously with the corre- 
sponding functions are excluded. 

It may be expected that the vanishing of a Jacobian and its functions 
for certain values of the variables signifies a particular property of these 
functions which deserves to be investigated.§ 

It is the purpose of this paper to show the importance of such cases by 
studying the geometric properties of a certain system of functions and their 
Jacobians. 

2. Let 
(1) zr=¢(t), y= y(t) 
be two real, distinct, uniform, continuous and singly periodic functions of 
the real parameter ¢ and with the same period w. As is well known, in a 
Cartesian plane (1) represents a closed Jordan curve. |! 

We assume furthermore that ¢’(¢) and y’(t) are also continuous within 
the period-interval and do not vanish simultaneously for any value of ¢. 
In other words, the curve as represented by (1) is analytic throughout 
and its only singular points, if there are any, are multiple points. 

3. If 21, 22, 23, 2, designate four independent variables, consider now the 
three functions 


’ F’\(21, 22, 23, 24) = O(21) — Plz) + (zz) — (24), 

| F2(21, 22, 23, 24) = W(21) — Wlz2) + W(z3) — (zs), 

F'3(21, 22, 23, 24) = [O(21) — (2s) ][(22) — o(24)] 

q + [Y¥(zi) — ¥(2s)][y(z2) — y(z,)]- 


* Read before the American Mathematical Society in Chicago, Dec. 26, 1913. 
t Genocchi-Peano, Differentialrechnung (1899), pp. 147-152; Bliss, “A new proof of the 
existence theorem of implicit functions,” Bulletin of the Am. Math. Soc., vol. XVIII, pp. 175-179 
(1912). 

t Poincaré: “ Analysis situs,” Journal de I’Ecole Polytéchnique, 2nd ser., vol. 1, pp. 1-121. 

§ Clements, ‘‘ Implicit functions defined by equations with vanishing Jacobian,” Bulletin of 
the Am. Math. Soc., vol. XVIII, pp. 451-456 (1912). 
||‘‘Osgood, Lehrbuch der Funktionentheorie,” vol. 1, 2nd ed., pp. 146-150 (1913). 
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They are evidently uniform, continuous, analytic and co-periodic for all 
values of the variables. To any four values 2; < 2. < 23 < 24 within a 
period-interval correspond on the curve (1) the vertices of an inscribed 
quadrangle A,A:A;A, which follow each other in the same order as the 
entire curve is described in the same sense. If for any set of values of the 
z’s F, = 0, F; = 0, F; = 0, then the quadrangle will be a rhomb. As 
will be proved elsewhere, there are always an infinite number of rhombs 
inscribable in the given curve. For any given direction and the corre- 
sponding orthogonal direction there is at least one rhomb inscribable and 
with its diagonals parallel to the pair of orthogonal directions. There is 
always a continuous curve between the points of tangency of the two extreme 
tangents to the curve parallel to the given direction and which is the locus 
of mid-points of a continuous system of chords parallel to the same direc- 
tion. I shall call such a curve a median M, of the given closed curve 
C' (1), with respect to the direction r. If C,C2 ts one of the chords of the system 
culting M, in M, then the tangents to C at C; and C2 and to M, at M are 
concurrent. 

With every pair 7, ¢ of orthogonal directions are associated two medians 
M, and M, which always intersect in at least one point. The points of 
intersection of M, and M, are evidently the centers of inscribed rhombs 
with diagonals parallel to +r and ¢. When M, and M, touch each other at 
some point R, then the tangents to C at A; and A; intersect in a point T, and 
those at Ao, A, in a point T, so that T;, R, T2 are collinear. 

4. In the system of simultaneous equations 


(3) F, = 0, F, = 0, F; = 0, 


consider any one of the four variables, for instance z; as independent. 
According to the theorem on implicit functions,* in the neighborhood of 
any set 2), Z2, 23, 2, satisfying (3) and for which the Jacobian 


0(F, Fs, F;) 
O(2X1, Lo, X3) 


¢’ (21) — $'(22) ¢' (2s) 
¥’ (21) — ¥' (22) vy’ (zs) 

—¢' (23) [o(22) ae | 
beer 


(4) 


$’ (21) [b(22) —G(2s)] i ¢’ (22)[(z1) —d(Zs)] 
LAW (21) [W (22) —W(e4)]) (4 (22) [Y(21) —¥@s)] 


’ 


does not vanish, it is possible to represent 2:, 22, 23 aS uniform, continuous 
and analytic functions of z,. 


* Bliss, loc. cit. 
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Equations (3) and (4) vanish simultaneously only for a finite number of 
sets 21, 22, 23, 24; hence for any domain of four space 21, 22, 23, 24 Within which 


F, = 0, F, = 0, F; = 0, 


0(F, Fs, F3;) 
O(X1, Le, 23) 7 


the z,’s (i = 1, 2, 3, 4) form a continuous set. Geometrically to such a 
domain corresponds a continuous set of inscribed rhombs. 

5. I shall now investigate the case in which the Jacobian (4) vanishes 
simultaneously with (3). Without loss of generality it may be assumed that 
the axes of the rhomb in this case coincide with the coordinate axes, so that 
A,(z;), A3(z3) are on the z- and A2(z,), A4(zs) on the y-axis. Designating 
the coordinates of A;, As, A3, Aq respectively by (a, 0); (0, b); (— a, 0); 
(0, — b), the condition that (4) vanishes becomes 


— (21) — $'(22) g'(z3) | 
(5) v@) -v@) v@) |=0. 
(2by'(2:) 2ag’(z2) — 2by’(zs) | 


Assuming ¢’(z;) + 0 (i = 1, 2, 3) which, by choosing the z- and y-axis 
properly, does not imply a special case; dividing the first, second and third 
column by ¢’(z:), ¢’(z2), @’(z3) respectively, and designating the slopes of 
the tangents to C at Ai, As, A3 by m1, me, m3, (5) reduces to 


and 


| 1 -1 1 
(6) o' (21)$' (z2)$' (zs), m1 — ms m, = 0, 
| bm, a —bm; 
or explicitly, if ¢’(z:) + 0, ¢’(z2) + 0, ¢’(z3) + 0, to 
(7) a(m, — m3) + b(mym;, — 2mym3 + mom;3) = 0. 


6. To find a geometric interpretation for this equation, consider the 
corresponding rhomb A,, As, A3, A, and apply first the dilatation 


x’ =(1+e)z 


(8) 
y’ = (1 + e)(y +b) — 4, 


and second the rotation 
x” = 2’ cos 6 — (y’ + bd) sin 6 
y” = 2’ sin 6 + (y’ + b) cos 6 


with A, as a center, Fig. 1. The lines z = 0 and y = — b are invariant 
in the dilatation. After this dilatation and rotation the coordinates of the 
rhomb in the new position are for 


(9) 


GEOMETRIC PROPERTIES OF JACOBIANS. 


,, { (1 + e:)a cos 6 — (1 + e2)b sin 8, 
’ {i + €;)a sin 6 + (1 + e:)b cos 6 — B, 
- — (1 + 2)2b sin 8, 
(1 + e2)2b cos 6 — b, 
as'| — (1 + ,)a cos 6 — (1 + e2)b sin 8, 


- (1 + €,)a sin 6 + (1 + e2)b cos 6 — b, 


Fia. 1. 


referred to the original zy-plane. The slopes yi, we, ws of the lines AiA1”, 
A2A2”, Asi i? are 
(1+ e,)a sin 6+ (1+ e)bcos6—b 
on (1 + e,)a cos 6 — (1 + e2)b sin 6 — a’ 


a (I + e2)b cos 6 —b 
“w= ""(1+e)bsino ’ 


— (1 + e,)a sin 6 + (1 + e.)b cos 6 — b 





ws" — (1+ :)acos 6 — (1+ e)bsindé+a‘ 
Substituting these values in the reduced Jacobian expression (7) 
(10) J4 = a(ui — ws) + O(uiwe — 2uims + moms), 
after some reductions, we get 


é1e 
2a,"bo(e2 — €1) {2 +e +e2— py ~— i| 

OW erect ome 
sin’ 6 


(1 + e2) ;b°(1 + ae 9-1 +a¥[1 — cos 6 + 2e; cos 0 





e:" 


. = 2 
+ 1 — cos 6 ~* al} 











ouendaiinans 


wate 
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Considering e; and e: as infinitesimals of the first order and e: = ae, 
(a any finite integer), the limits of e,e:/cos @ — 1, sin’ 6/cos 6 — 1, 
€:? cos? 6/eos 6 — 1, for e; = 0, 6=0 are finite. According to (6) when 
none of the derivatives ¢’(z,), (¢ = 1, 2, 3) vanish, J, is always finite and 
clearly 
(12) lim (Js) = 0. 
0.0, €).0, e220 

The denominator of (11) vanishes when any of the derivatives ¢’(z,), 
(i = 1, 2, 3) vanish; but in such a case the corresponding derivative may be 
cancelled from the Jacobian (6), so that on account of (12) the Jacobian (6) 
always vanishes in case of a combined infinitesimal dilatation and rotation 
as defined (8) and (9). This is still true in case of either a pure dilatation, 
or a pure rotation. Conversely, it can be shown without difficulty that 
it is always possible to determine a dilatation (8) and a rotation (9) in 
such a manner, that any values of m,, m2, m3, satisfying (6) will be the 
slopes of the directions of the displacements of A,, Az and A3. 

The condition that three tangents to C at A;, A», A; with the slopes 
Mm, M2, M3 are concurrent is 


(13) a(mymz — 2mym3 + mom3) + b(m, — m;) = 0. 


As a and b are positive, the two parentheses in (13) are of opposite sign. 
Adding the condition J, = 0, i. e. 


(14) a(m, — m3) + b(mymz. — 2mym3 + m2m;) = O, 
(13) and (14) can exist simultaneously only when 
(15) (mym2 —_ 2m\m3 a m2m3)? —_ (m, —_ m3) == (), 


But for a + b, |m; — m;| + |mym, — 2mym3 + mom;!, hence in this case 
(13) and (14) cannot exist together. When a = b, then when (13) is true, 
(14) is true also. Hence 

THEOREM I. When the Jacobian J, (and no others) vanishes for an 
inscribed rhomb A,A2A3A4, then the tangents to C at A;, Az, Az are con- 
current only when A,A2A3A,q is a square. 

Within the restrictions of this theorem and in all cases where not all 
four tangents at A,, As, A;, Ay are concurrent, the medians M, and M, 
associated with the directions of A,A; and A.A, intersect each other singly 
in the center R of the rhomb (square). In a continuous change of the pair 
of orthogonal directions (7, c) in the neighborhood of A,A; and A,A, the 
associated inscribed rhombs change continuously. This in connection with 
the foregoing results leads to 

THEOREM II. [f for a certain inscribed rhomb only one of the Jacobians, 
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say J4, vanishes, then the inscribed rhombs in the neighborhood of the given 
rhomb are continuously connected, and are either infinitesimal dilatations or 
rotations, or combined infinitesimal dilatations and rotations of the original 
rhomb, with A, stationary. 

7. In the system of equations (2) we may also consider 23, 22, 2; success- 
ively as the independent variables. Supposing that none of the ¢’(z,), 
i= 1, 2, 3, 4, vanish at the vertices of the rhomb, which, by properly 
choosing the coérdinate axes, does not imply loss of generality, the vanish- 
ing of the corresponding Jacobians is equivalent to 


1 1 —1 | 
(16) J3;= mM m, — m|=0, 


a mb a 


a(2m, — mz — ms) + b(mymsz — mym,) = 0, 


1 1 1] 


| 


(18) = Mz, mM, m, =O, 


—m;b a mb 
or 
(19) a(m3 — m,) + b(mym, — 2mym;3 + msm) = 0, 


| —1 1 1 
| 
(20) J, = | m3 m, = 0, 


| 
| 
| 


a —m;b a 
or 
(21) a(ms + my — 2m3) + b(mem3 — m3m,) = 0. 


The problem now is to find the geometrical meaning of the simultaneous 
vanishing of two Jacobians, for instance 


J, =0 and J;=0. 


Eliminating a and b between the two equations we find as a necessary 
condition 
(22) (m, — m2)[4mym3 — (m, + m3)(m2 + m,)] = 0. 


The three cases must therefore be considered 

(1) m, = Ms, 

(2) 4mym; — (m, + ms3)(mz + my) = 0, 
each of these under the exclusion of the other, and 


(3) the existence of (1) and (2) simultaneously. 





* 
; 














142 ARNOLD EMCH. 


1. If in J, = 0 (7) we put m, = m, it reduces to 


(23) (a + bm,)(m, — m;) = 0. 
Similarly J; = 0 reduces to 
(24) (a + bm,)(m, — m4) = 0. 


As m; = mz = m3 = m, would involve the existence of (2) we exclude this 
possibility at present. Hence we have as a necessary and sufficient con- 
dition for the simultaneous equations J, = 0, J; = 0 in case (1) 


ad 


(25) m, = Mm = — 


As this condition is otherwise independent of any particular values of m; 
and m,, it follows that A; and A, are both stationary and the tangents at 
A, and A;, Fig. 2, are parallel and are at right angles to the sides AA, 





and A,A;. The tangents 7,R and T.R to the corresponding medians at 
R and accordingly these themselves intersect at R. The case where 7), 
R, T2 are collinear will be taken up under (2). We ean therefore state 
THEOREM III, The rhombs in the neighborhood of A,A,A3A, in case (1) 
form a continuous set and the transformation corresponding to this set consists 
of an infinitesimal rotation of A, and A, about A, and A; as instantaneous 
centers. 
(2) 4m\m3 - (m, + M3) (m2 + ms) = 0. 


In this case the tangents at A, and A; intersect in a point 7, those at A: 
and A, in a point T:, such that 7, R, T; are collinear, Fig. 3. To prove 
this, from the equations 


y=m(r—a), y—-b=mez, y=m(r+a), yt+tb=me 
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of the tangents at A;, Az, A;, Ag, the coordinates of 7; and 7 are found for 


mM, + M3 2m, m 
T, {a ’ - — 
Mm, — M3 Mm, — m3 
and for 


ms — Me 


aed 


Fic. 3. 
Thecondition for the collinearity of 7, R, T2 is 


m, + ms; 2m m3 
m, — Ms; m, — M3 


1 


2 Mo + mM, 
ms, — Mo Ms — Me 


0 0 1 


] 








which reduces to 
4mm; — (m, + m3)(m2 + m,) = 0, 


which clearly is identical with (2). Conversely it follows easily that when 
the slopes satisfy this condition, the points, 7,, R, 7: are concurrent. 

As TR, T2R are the tangents to the medians through R, the latter must 
be tangent at R. In the continuous changes of the medians in the neighbor- 
hood of R, a tangency arises by the coincidence of two points of inter- 
section. Geometrically case (2) is therefore equivalent to the coincidence of 
two inscribed rhombs with parallel axes, and there exists continuity of con- 
nection of the inscribed rhombs in the neighborhood of the given rhomb. The 








1 tas? 
a 


~~ 





Mala hatha ata ana hg nntangee tae 
Sot= we ss ~~ 7s 
a” 4 # 
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infinitesimal transformation consists of a dilatation in the direction of the 
axes of the rhomb and a translation along the line of collinearity of T;, R and T>. 

It is of course possible that 7; and T, coincide at a point 7. If this 
point is infinitely distant, then m, = m: = m3; = my; the four tangents 
are parallel. The coexistence of (1) and (2) is equivalent to two parallel 
tangents at A; and A, and collinearity of 7,, R and T2, so that case (3), 
except when m, = m2 = m3; = m,, does not yield anything new. 

In a similar manner as in case of J; = 0, J; = 0, we find for the simul- 
taneous vanishing of any other two of the four Jacobian expressions, J; = 0 
and J; = 0, the necessary condition 


(26) (m; — m,)[4mym3 — (m, + m3)(mz + m,)] = O, 


where m; and m, are the slopes of the tangents at the points A; and A, 
which with A; and A; form the rhomb. 

If in addition to (26) J; = 0, then also J, = 0. Furthermore, the 
collinearity of 7;, R, T2 in connections with J; = 0 also makes the three 
other Jacobian expressions vanish. Hence the 

THEOREM IV: If the points T;, R, T: are collinear, in other words, if 
the two medians associated with the directions parallel to the axes of a rhomb 
inscribed to an ordinary closed curve touch each other at the center of the rhomb, 
then all Jacobians defined in connection with the system of functions (2) 
vanish simultaneously with the system if one of the Jacobians vanishes. 

8. In general, when no particular assumptions about the functions ¢(t) 
and y(t) are made, the system of equations (2) and any of the Jacobians, 
like (4), vanish simultaneously for a finite number of sets of values 2, 22, 
23, 2, and if no other Jacobian vanishes for any of these sets, then there 
exists for every corresponding rhomb the condition stated in theorem II. 
If in addition another Jacobian vanishes, then all other Jacobians vanish, 
when the points 7, R, T> are collinear, as stated in theorem IV. When 
only two Jacobians vanish simultaneously with (2), theorem III results. If 
for an inscribed rhomb the points 7, R, T2 are collinear and none of the 
Jacobians vanish, then the rhombs in the neighborhood of the given rhomb 
are also continuously connected. This corresponds to the case in which 
two points of intersection of the medians associated with two orthogonal 
continuously changing directions coincide. 


University oF ILLINOIS, 
May, 1913. 





ON THE IRREGULAR INTEGRALS OF LINEAR DIFFERENTIAL 
EQUATIONS.* 


By CLypeE E. Love. 


1. In the present paper it is proposed to study the integrals of a homo- 
geneous linear differential equation in the neighborhood of an irregular 
point, particularly with a view to determining the existence and form of 
their asymptotic developments.t The existence of such developments is 
well-established provided the roots of the so-called characteristic equation 
are all distinct,f but for the case of multiple roots no general discussion has 
appeared. In the following work, while the roots are unrestricted as to 
their order of multiplicity, a certain limitation is placed upon them for the 
purpose of reducing the algebraic difficulties of the analysis. This limita- 
tion is of such a nature that the case of distinct roots is included as a special 
case of the problem here treated. 

The irregular point is taken as the point at infinity, and the independent 
variable is restricted to real and positive values. 

2. As a preliminary step we shall formulate two general theorems§ on 
linear differential equations, which will form the basis for the subsequent 
investigation. 

Take for consideration the differential equation 


(1) y™ + ay(x)y"? + +++ + an(x)y = 0, 


whose coefficients a;(x), a2(r), ---, a,(z) are continuous and possess n 
continuous derivatives for all sufficiently large positive values of x. Let 
Z1, Z2, ++, 2, denote n auxiliary functions of x which, together with their 
first n derivatives, are likewise continuous when z is large and positive, 
and are such that the determinant 


21 21’ ee 2,0") 


(2) Q(x) = ES Zoo eee agit 


lSn Ba °° 8°? 


never vanishes. Let A,(zx) be the minor of Q(x) with respect to the element 


* Read before the American Mathematical Society, Dec, 27, 1913. 

t In Poincaré’s sense: cf. Acta Mathematica, vol. 8 (1886), p. 297. 

t Cf., for example, Horn, Journal fiir Mathematik, vol. 138 (1910), pp. 159-191. 
§ Cf. Dini, Annali di Matematica, Ser. III, vol. 2 (1899), pp. 297-324. 
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z,*"-), Also define 
Z Ax) = 2On — (2a-1)’ + °°? + (— 1)" (2,41) + (—1)*2z,™, 
. 1, 2, cre nN, 


(3) 


and denote by q(x, 21) the determinant formed from Q(x) by replacing 
the element z,°"-)(x) by Z,(4:), r = 1, «++, 7. 


Place 
- (— 1)""9(z, 21) 
) iy = De 
5 _ a _ (— 1)""C,A,(2) aie 
(5) G(X) = Ur, of XL) = Vy, of XT) = Qin) pak n, 


where C, is an arbitrary constant; 


ac ry 7y-] 
Ur, (2) -{ f af K(a, x)A(x, To) 


-++ K(ay_1, ,)gr(x,)dx, +++ dredz,, = 1,2, ---, 


nla) = ff ff K(x, x:)K(21, 22) 


-++ K(x,_,, 2,)g-(x,)dx, +--+ dredz,, \} = 1,2, --- 


Then we have 
THEOREM A: Suppose that for all values of x greater than some constant, 
the series 


(6) y(r) = D0, (x) 


satisfies the following conditions: (a) the series converges; (b) the series for 
Y-(x1) when multiplied by K(x, x) may be integrated term by term with respect 
to x; from x to ~; (c) the series defines a function y,(x) such that each of the 
integrals 


f y-(x)Z,(x)dz, 3s 1, cre, n, 


has a meaning. Then for such values of x the function y,(x) is an integral of 
(1). 

THEOREM B: Suppose that a constant a can be found such that for all 
values of x > a the series 


y¥(z) = > uy, (2) 


satisfies the following conditions: (a) the series converges; (b) the series for 
yr(X1) when multiplied by K(x, x1) may be integrated term by term with respect 
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to x, froma tox. Then for such values of x the function y,(zx) is an integral 


of (1). 


To prove Theorem A, place 


Ps, i — 


®, (zr) f yZ dx, 


$,(x) = f y-Z dx + C,; 


| pr, © Pi.n °*° Da. as , (2) | 
A(z) =| : 


’ 


Dn, 0 Pn, 1 ag Pn, n—2 ®,,(x) 


P1, 0 a ee . ee n(n—1) 


A(z) =: '=(-1) * Q@). 


Ba,e Pe.t °*°* Pa, ant! 


Now by condition (b) equation (6) may be written 
(8) y-(x) = g(x) + f y-(a,) K(x, 2)dx. 


By substituting the values of g,(x) and K(x, x) in (8) we find 
y(x2) = A-(x)/A(z), 


so that it suffices for our proof to show that this function is an integral of (1). 

To do this, consider the system of n functions no, m1, -++, ma—-1 each 
defined for all values of x sufficiently large by means of the following 
system of n linear equations: 


(9) Pe, OMn-1 + Ps, 1 Nn-2 + +++ + Ds, n-1 M0 = #,(z), s= 1, 2% oe 
We have at once 


(10) mia A,(x) 


A(x) — » 


Upon differentiating equations (9) with respect to z, and making use of 
(7) and (10), we find 


(11) 2.0 + Ps, 0 4; + Ps, 102 + -°+ + Ps, n—2 On—1 - 0, s= 1, ide 
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where 

(12) 6 = Nn—-1 + Q;(2)Mn—2" + — + An—1(X) no + An(X) No, 
6, = qn-1 — Mn-2'; 

(13) 02 = Mn-2 — Ina 


6,1 = m — No - 
The system (11) consists of n homogeneous linear equations in the n 
quantities 6, 6:, «++, 8.-1. By virtue of the relation 


Dt,» = 2:Qeir — Pt, 241) {= 1, --+,n; s=0,1, ---,n — 2, 


the discriminant of the system reduces at once to (— 1)""'Q(x), and hence 
by our hypotheses does not vanish for any value of x under consideration. 
Whence 
=6,=---=6,,=0, 
or by (10) and (13), 
1 = Yy,”’, s=0,l., oe] 
Substituting in (12), we find 
ye" + a;(z)y," + --- + 4,(z)y, = 0, 


which was to be proved. 

The proof of Theorem B follows similar lines, and may be omitted. 

These theorems differ only slightly from certain results due to Dini.* 
He was first led by synthetic processes to the converse theorems, and was 
then able to establish the direct theorems by reversing his previous reason- 
ing. The appearance of artificiality in the proof as here outlined is chiefly 
due to the fact that only this reversed line of argument is presented. 

3. In the differential equation (1), suppose that the coefficients a,(z), 
a(x), «++, n(x) are real or complex functions developable, for large real 
positive values of z, in asymptotic (or convergent) power series of the form 


ar, 4 7 
a,(a) » 2"*| ay, 9 + - $e], r=],---,n, 


k being 0 or a positive integer. Suppose also that the first n — r derivatives 
of a,(x) possess asymptotic developments in the same z-region. 

We proceed to apply the theorems of §2 to the problem of finding 
asymptotic solutions of (1), valid for large real values of z. 

Suppose that the characteristic equation 


$(m) = m"™ + a;,om™"' + -++ +a,,0=0 


corresponding to (1) has / different roots m,, m2, ---, mj, occurring 7, M2, 
+, m; times respectively: (ny + nze + --- +n; =n). 
* Loc. cit. 
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Let us choose n auxiliary functions (cf. § 2) of the form 


(14) Ries tmere ™ x27, ae Sr. q@ithr, gf), r= 1, see, l; q 
where 


m,akth . kHI- spb 2 
Fr. q(2) ” k ao 1 + = et a 1 Pr 
e+i~W-s bins 


1 2 
6, _ r ny m —et+1 
lh 0 RE eo oe 


Nr Nr 


Q,,¢) Br.qy***y ¥r,q¢ being undetermined constants and s an arbitrary positive 
integer. 
For brevity let us write 


Gagan ste ™ Rice 
Znytertnita = Zrias 
Ynyterr-tn ite = Irie 
Now upon forming Z,,,(z) as given by (3), we find that 
(15) Ze,q(Z) = (— 1)*2r, qr™*[Sr, o(Z) + 2° * Pir, ¢(z"!™)], 
where* S,, .(z) is a polynomial of degree n,(s +k) —1 in 2-/™. In 
S,, .(x), the coefficients of z~//", 7 = 0, 1, ---, nm, — 1, vanish identically 
because of the fact that 
g(m,) = ¢'(m,) = «+: = o™(m,) = 0. 
Further, writing this polynomial in the form 
S,,e(t) = a Ay,g + Br gt + Ty gt! + es EN, gto et), 


we have 
(my) 
n,! 


Ar,g = Gre” + y(m,), 


where 
y(m) = ay, ym" + ae, ym"? + +++ + a, 1; 


; * Throughout the work, the symbol P(z) will denote a function expressible, for large values 
of z, in the form 


dy + €9(r) 
2, 


lim ¢,(z) = 0, 


P(z) = ao + +++ + 


where p is an arbitrary positive integer. 
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and 





goin) (m,) 


Brg = (n, — 1)!%"8 


ote Or, g(Mr, ar, es 


5") (m,) 

¢ my, - 

re = p@r,qn" . Tr q(™,, Aras Be.e)> 
. (n, oneal 1)! 


p (nr) ( ) 
- _ ¢ my, = as 
meer (n, = 11ere ye, + wr, g(Mr, Arg, °°; Mr,e)s 


where @,, ¢. Tr, q) °**) @r, q are certain polynomials in the indicated argu- 
ments, which it would be useless to write out in full. 

Let us now try to determine the coefficients a,,, 8,4, ***, Yr. by 
placing* 
(16) Are = Brg =: = Ny, g = 0. 


For simplicity we shall assume that no multiple root of the characteristic 
equation is also a root of the equation y(m) = 0, or in other words that there 
is no value of m satisfying simultaneously the three equationst 


g(m) = ¢’(m) = ¥(m) = 0. 


Under this hypothesis equations (16) can always be solved, and they 
serve to determine n definite, distinct functions z,, , of the form (14). 

4. The quantities R[f,, ,(x)], where R[x] denotes the real part of 2, 
will play an important part in what follows. We consider first the case 
in which these real parts are all distinct, and shall suppose for definiteness 
that when z is sufficiently large 


Ri fi, 1(z)] < Rift, 2(x)] < +--+ < Roi, n,(x)] 
< Rife, i(x)] < +++ < REft, n,(Z)). 


The argument to be used will apply with changes only in notation if 
these real parts occur in any other order when arranged with respect to 
their magnitude, so that the assumption (17) involves no loss of generality. 

Let n’ denote the least common multiple of n;, n2, ---, ni, and set 


f(x) = fis(x) + fi,2(z) +--+ +fi, n(x), 


— 1)nk - l 
ee ee en. a = ’ 


n 


n(n—1) 


4=(-—1) ? I(m, — m,)"™I (ar, ¢ — @r, p), 


* As soon as the constants 7,,, have been determined, s is to be selected so as to satisfy the 
inequality (21). 

t It is understood, of course, that the case ¥(m) = 0 is also excluded, except when the roots of 
the characteristic equation are all distinct. 
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where the first product is composed of all the factors m, — m, that can be 
formed with r = 2, 3,---l and r>-s; the second consists of all factors 
Qr, q — @, p that can be formed with r = 1, 2, ---,1l; q = 2, 3, ---,n, 
and gq > p. 

With this notation we find, by (2), 


Q(z) = AelS@a™P,,(2!'"), 


where the constant term in* P,(x'/"’) is unity, so that the hypothesis 
Q(x) + 0 for all values of x under consideration is satisfied. Further, with 
proper choice of the arbitrary constant C,, ,, we may write by (5), 


(18) qr, q(X) = er, q 2) xr, aP 3, o _(s*'*), 


where we have set 
Prie=Uet1— (n — 1)k, 


and where the constant term in P3;,,, ,(2'/") is unity. And by (4) we have 


Uy n 


(19) K(a,2:) => >d eft, a x"r, Ps, (rll )eSr, gM ay-Pr, Py ¢, g(21'/™), 
r=1 g=l1 
5. We shall now write out by Theorem A a trial solution of (1) corre- 
sponding to that one of the functions g,, ,(z) whose exponential factor has 
the least real part, which by (17) is g;, :(x), and show that the conditions 
of the theorem are satisfied. We have 


(20) Y1,1 = 91,1(2) + p> 01,1, (2), 
where 


V1, 1, (2) -{f of K(a, 21) K(x, 22) 


eee K(2,-1, X)91, 1(x,)dx, eee dx.dx}. 


Placing 


Jr, g(X) = eft, a zr, a, 


i 


ny 
K(a, 2) = Do Diels. ar, ger, aM ay-Pr, a8, 
r=1 g=1 


Dr, ¢. (2) = f f on f K(a, 21)K(21, 22) 
zx vx 2-1 — K(a,-1, x,)1, 1(X,) day -++ dxedx, 


let us study the behavior, for large values of x, of the function 2, 1, a(s). 
We first choose an arbitrary positive integer p, and then take s so large 


* Cf. footnote, p. 149. 
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that * : 
(21) s>pt+2+ 2p, 
where p is a positive number at least as great as any of the quantities 


Ri pr, all. 
Rifi, 1(t.) — Sr, o(a,)] <0 


for all values of r and q, each of the functions 


Since, by (17), 


ee ian cal 
ete, (twa Pr, ae, 107, "1, 1| 


decreases monotonically for all values of x, under consideration, and we have 


| K(a,—1, 2a)Gr, 1(%,)| < n | ef. 1 ay, _ Pt. 1! -P-, 


Similarly, 


|K (a ~2, 21) K (2-1, Ta)Gr, 1(2,)| < m?| ef, 1-2) 7,91, 1), PP, 


Proceeding in this way, we find 


|d1, 1, (x)|< n*| ef, 1 (7A, f f ie f (1122 wee as" dz, 
z +} Fy 
(22) ” ; 


+++ Axeda, < [ef 1771, 1) (p + 1)*° grtetD" 
By virtue of the defining property of the functions P(r) (see footnote, 
p. 149), we may take z so large that 


| 4, i, a(x) | < 2| v1, 3 (x) |. 


Whence, by (22) the series > 0, 1, (2) converges absolutely and uniformly 
A=1 


for all sufficiently large values of z, so that condition (a) of Theorem A is 
satisfied. Further, by comparison with the geometric series whose general 
term is twice the right member of (22), it appears that 





, 2n 1 1 
Sess < eel 8 ges — 
(2) — 
n 1 
< | ef1,1=) 71,1 ys | to 


That condition (6) is satisfied follows from the results just established, 
together with the following theorem:t 


* Cf. footnote, p. 150. 
+ Bromwich, Infinite Series, p. 453. 
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If =f,(x) converges uniformly in any fixed interval a < z < b, where b 
is arbitrary, and if g(x) is continuous for all finite values of z, then 


f ” p(a)Ef.(x)dr = 5 f ’ heddgillas 


a a 


provided that the integral f \y(x)|=\fn(x)\dx is convergent. 


For, if we take a = 2, = %, 9(1,) = K(x, 2%), fn(ti) = 14, 1, (21), 


it only remains to show that ( (K(a, 21)| D0 | 01,1, (21) |dz, converges. But 
Wr A=0 


by (4) and (22) this breaks up into n integrals whose convergence is assured 


by that of the integrals f | ef1,1Y—-Sr, (7 y,91,1-Fr, a */da,, and each of 


these converges by reason of (17) and (21). 
These same inequalities are sufficient to show that condition (c) holds, 
if it be recalled that, in (15), we have made 


Be. q(x) = 0. 


Hence y;, ; as given by (20) is an actual solution of (1). 

6. When we attempt to write out a particular integral of (1) corre- 
sponding to any other of the functions g,, ,(x), the above process fails for 
the reason that R[f,, (x) — fi, 1(x)] > 0 and some of the integrals in 
Vy, g, (2) diverge. To avoid this difficulty we shall first modify slightly 
our system of auxiliary functions and then use Theorem B. 

The adjoint equation corresponding to (1), viz. 


(24) zi") — (ayz)("—) + --» + (— 1)"2za, = 0, 


satisfies all the conditions that have been imposed upon (1); it has therefore 
a particular integral given by (20). The functions f,, ,(z) for (24) are 
obviously the same as for (1), except that all signs are changed. The one 
having the least real part is therefore — fi, n,(z), and the corresponding 
solution of (24) is found by direct computation to be 


21, at = e~ft, u(y, Ps. 1, n (x1), 


In our system of auxiliary functions let us replace 21, », by this function 
21,2» thus making Z;, »,= 0. This leaves Q(x), gr, o(%) and gr, ¢(z) un- 
changed in essentials, while in K(x, 21) and K(z, 2) the term for which 
r =1 and q = n; no longer appears. Now write by Theorem B a trial 
integral of (1) of the form 


(25) Yi, n, = 91, als) + yu, ny (x). 
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Put 


x ry | :~ — ba 
Mir, g, (2) -{ [ = i K (a, 01) K (21, t2)+*K(ty-1, La) Gr, (ta) day: ++ dx2dz,. 


Now we have 

R[fi, n,(%a) — Sr, a(t.)] > 0 
for all values of r and q occurring in A(x,_;, 2,).. Thus each of the functions 
| e7t, nit0/r, gay, 0t,m-Pr,a~*| increases monotonically throughout the interval 
a <a, < %-1, so that 


| K(@rmry Fa)G1, n(La) | <n | ekmita—vy,_ PrP?) | , 
Similarly, 
| K(a,~2, 2-1) K (4-1; Lr)Gi.n,(La) | < n? | eft.m: FA—2) yp, _ Pl, m2 (pt2) 


And 
’ r ry Ty-1 
| He. 6:0b2) | < n* | E74, mi* Pl, ny | ge (pt) { f eee f dx, cee dxr.dz, 
va a a 


<n? | eft nie yPt,m | MPT, 


Whence by reasoning similar to that used in the previous case it appears 
that the conditions of the theorem are satisfied, and y;, ,, is a solution of (1). 
7. We may now form by (25) a second solution of (24), which takes the 


form 7 
41 = eM z-MPs (x), 


This being introduced into the auxiliary system in place of z;,;, the 
term in K(z, z,;) and K(z, x;) for which r = 1 and q = 1 disappears, since 
now Zx, 1 = 0. 

Upon writing out by Theorem A the function* 


1,2 = gi, 2(2) + 2or,2,.(2), 


the difficulty which formerly presented itself is seen to be obviated by our 
more favorable choice of auxiliary functions, since for all values of r and q¢ 
now occurring 


Rif, 2(x) — fr, o(x)] < 0. 


Having proved by the reasoning of § 5 that y;, 2 is an integral of (1), 
we need only introduce a solution Z;, ,-1 of (24) in place of z;, ,,-1 to be 
able to obtain by Theorem B another solution of (1). 

Continuing in this way, we get n integrals of (1) having one or the other 





* Of course if n; = 1, we should here form y:,,. 
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of the forms 


Yr, q - qr, q(X) + 2 Ur, qa: (2), 
(26) . 
Yr,q = Gr, a2) + Lr, a. a(2). 


It is easily shown, and is in fact almost self-evident, that these integrals 
are linearly independent. 

8. In case the quantities R[f,, ,(x)], while all distinct, occur in another 
order than that of (17), the above argument evidently serves without modi- 
fication, merely giving us the integrals in a different order. 

In case the real parts are not all distinct, we can obtain at once by 
Theorem A particular integrals corresponding to each of the functions 
f,, q(x) whose real parts are equal and least. A group of solutions of (24) 
can then be formed, after which Theorem B serves to determine a group of 
solutions of (1) corresponding to those functions f,, ,(x) whose real parts 
are equal and greatest. The rest of the process is obvious. 

In particular, if the quantities R[f,, ,(x)] are all equal, the complete 
system of integrals can be written down by Theorem A, at once. 

9. It is an immediate consequence of (23) and the similar result for 
the other solutions (26) that 


r _ oer ( 
lim 2° | Ye (a) | = 0, r=1,---,l;q =1, +++, Nr 
r, @a\ 


Whence . 
Yr, @ © Gr, g(2). 
By direct substitution in the differential equation it appears that we may 
write 
n-—1 @ A a 
Yr, q © efr a zPr. a pe a 
i=o j=0 F 
where the A,, g, «, ;, are determinate constants and A,, ¢, 0, 0 = 1. 
10. In summary, we may state the following result: 
Suppose that the differential equation 


(1) y™ + ay(x)y"? + +++ + an(x)y = 0 


satisfies the following conditions for all sufficiently large real positive values of x: 
(a) The coefficients a;(x), +++, @n(xz) and their first n derivatives are 
continuous. 
(b) The same coefficients are developable in asymptotic (or convergent) series 
of the form 


Gr S eee 
a,(2) w 2| ar,o+ z +e], r=1, ,n, 

































: 
I 
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ii 
et where k is 0 or a positive integer, and the first n — r derivatives of a,(x) also 
heb possess asymptotic developments. 
bie (c) The characteristic equation 
i m* + ai, om™" + --- + an, 0 = 0 
'3 . 

i has l roots m,, «++, mi, occurring respectively n,, «+ -,n, times: (ny +-+-+n, =n) 

and such that no multiple root of the characteristic equation is also a root of the 

i equation 

7 Q;,:m""" + a2, ym"? + +--+ + an, 1 = 0. 


Then equation (1) possesses a fundamental system of solutions y,, q (r = 1, 
+++, 13g = 1, ---, n,) developable asymptotically in the form 
n-—1 


2 
f (2) p —i/n A,, qi. J 
Yr,q © era wer, qlee , 
' zx 
j=0 


+=0 
where f,, ¢ (x) is a certain polynomial of degree n-(k + 1) in x'/™, the quantities 
Pr, ¢ and Ay, g, x, ; are determinate constants, and A,, g, 0,0 = 1. 


UNIVERSITY OF MICHIGAN. 











SOME SOLUTIONS OF THE PELLIAN EQUATIONS 
x’? — Ay’ = + 4. 


By E. E. Wuitrorp. 


The Pellian equations zx? — Ay’? = + 4, as well as the equations 
xz’? — Ay’ = +1, are of great importance and interest in the theory of 
numbers, and in particular in determining the units of a real quadratic 
domain. 

The units of a quadratic domain are those integers of the domain 
which divide every integer of the domain. For an imaginary quadratic 
domain the number of integers is limited. The domain of the square 
root of negative one, k(7), has four units, = 1, + 7; k( V— 3) has six units, 
+ 1, + (1 + ¥— 3)/2, and all others have only two units, + 1. But a 
real quadratic domain has an infinite number of units. It becomes con- 
venient to distinguish a fundamental unit; it is the smallest unit of the 
domain > 1. 

Now the solutions of the Pellian equations x? — Ay? = = 1 or +4 
determine units for the domain k( VA) but the fundamental solution of 
the equation 2? — Ay? = 1 does not determine the fundamental unit 
when the solution of the equations 2? — Ay? = — 1 or 4 or — 4 is possible. 
While the solution of the equation x2? — Ay? = 1 is always possible for 
every non-square positive integral value of A, the solution of the three 
other equations is not always possible for every such value of A. A neces- 
sary condition for the solution of the equations 2? — Ay? = + 4 with z, y, 
not both even is that A = 5 (mod 8). 

To illustrate, to obtain a unit of the domain k( 169) we might solve 
the Pell eauation zx? — 69y? = 1, obtaining for the smallest values, greater 
than 0, for 2, y, x = 7,775, y = 936, and hence for one unit 7,775 + 936 v69. 
But to obtain the fundamental unit solve the equation 2? — 69y? = + 4, 
since this equation has a solution, and for the smallest values of z, y, get 
x = 25, y =3; and the fundamental unit for the domain k( 69) is 
(25 + 3 v69)/2. 

The fundamental solutions* for the Pell equation have been published 
up to A = 1,700; and of the equation x? — Ay? = 4 or the equation 
x’ — Ay? = — 4 up to A = 997. 

* For account of the solutions of the Pell equations 2? — Ay? = + 1, see E. E. Whitford, 
“The Pell Equation,” New York, 1912; and for solutions of the equations 2? — Ay’ = + 4, see 
A. Cayley, “Note sur I’équation 2? — Dy? = + 4, D=5 (mod 8),” Journal fiir die reine und 
angewandte Mathematik, vol. 53 (1857), p. 369. 
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The following table gives the fundamental solutions of the equations 
x? — Ay? = + 4 for A = 5 (mod 8) from A = 1,005 to 1,997, where such 
Where the solution of 2? — Ay’? = — 4 is possible, 
that solution is given first, followed by the solution of the equation 
x’? — Ay’ = 4. 

Table of the Fundamental Solutions of the Equations x’ — Ay’ 
A =5 (mod 8) where such Solutions are Possible, from A = 
A = 1997. 


solutions are possible. 


A 


1,005 
1,013 


1,021 


1,029 
1,037 


1,045 
1,061 


1,069 
1,077 
1,085 


1,093 


1,101 
1,109 


1,117 
1,125 
1,133 
1,141 
1,165 
1,181 
1,189 
1,197 
1,205 
1,221 
1,229 


1,237 


1,245 
1,253 





7,352 358,509 


11,411 038,174 


w 


os 


— 


or 
or 
“J 


WHITFORD. 


1,807 
923 
851,931 
745,895 
351,027 
57,965 
161 
25,923 
97 
264,395 
716,027 
$22,461 
096,521 
361 

33 

33 

1,091 
365 
106,865 
128,227 
484,589 
498,923 
15,127 
101 
183,065 
1,809 
272,483 
29,039 
263,523 
25,689 
924,723 
173 

243 

35 

35 
1,227 
294,047 
638,211 
247 
177 
79,011 








9 


230 098,509 


2,146 
3 
348 991,093 


342 


1 676,136 


37 


if 


—s 


47,611 





1005 to 


ow cr gn 


— — =) On 


ovr 


12¢é 
1,285 


1,309 
1,317 
1,333 
1,341 
1,349 
1,357 
1,365 
1,373 


1,501 
1,509 
1.517 
1,525 
1,533 


1,541 
1,549 


JSG 


7" 


1 
1,581 
1] 
] 


1,621 


1,629 
1,637 


1,645 
1,653 
1,661 
1,669 
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75,401 


5,685 458,883 646,969 


9 363,232 


458,225 199,511 


3,059 
785,240 


1 
676,923 


213,758 


6 
100 


10,129 720,176 


4 


23 267,330 432,525 


$23,622 
342,852 


1 


30 


9 


1,293 


738,123 
6,611 
705,323 
25,989 
428,123 
117,115 
421,877 
87,077 
860,727 
15,977 
892,609 
37 
37 
1,371 
981,961 
405,523 
3,177 
45,371 
189 
35,723 
57,961 
939,997 
360,011 
409,325 
115 
193,889 
2,357 
555,451 
570,777 
505 
39 
39 
1,523 
509 
185,165 
333,555 
938,027 
29,239 
989 
978,123 
119 
835 
330,805 
646,511 
473,123 
127,875 
015,627 
703,027 
5,543 
724,851 
26,647 
1,42: 
917,473 
350,265 


175 799,475 

185 

1 223,035 

725 

18 842,025 

3,237 

11,625 

2,385 

378,505 

435 

24,231 

1 

1 

37 

2,029 018,105 

152 991,986 551,752 403,905 
85 

1,207 

5 

945 

1,529 

80 274,961 
245,636 563,921 515,117 
246,169 

3 

707,589 

61 

143,777 

500,215 

13 

1 

1 

39 

13 

30,191 

17,199 418,961 

11,642 688,018 289,194 536,355 


2 4 
253 480,754 
119,806 883,557 


577,903 134,597 288,688 851,375 


42,195 
137 
759,391 
657 

35 
71,585 
658,329 













1,797 
1,821 
i 1,829 
Hi 1,837 
1,845 
’ 1,853 


1,869 
1,877 






1,933 






1,941 
1,957 
1,965 
1,981 
1,989 
1,997 
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1 672,754 907,975 


1 
1 884,686 
5 


29 064,120 


29,717 
S5,SS9 
7,377 050,473 470,221 


548,890 
301,281 098,814 400,033 


3,821 
81 
28 


2 

812 

660,082 520,933 
10,523 


9 $56,153 


&: 


wn 
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570,227 
41 

41 
1,683 
372,839 
919,923 
391,115 
943,227 
§23 
172,387 
277,771 
405,627 
3,973 
211 
44,523 
7TS9,515 
935,227 
316,873 
114,165 
456,873 
761,577 
43 

43 

1,851 
25,723 
1,603 
569,611 
454,627 
709,131 
512,585 
929 

133 
532,405 
223 
9,161 
923,923 


40,945 308,201 


45,804 
703,049 
713 


2,058 
176 800,451 331,756 


12,977 
7,123 061,865 696,843 


Sf 
1 


_ 


15,013 512,: 


221,444 






607,185 
1 

1 

41 
33,365 
773,235 
130,409 
916,035 
15 
4,141 
854,567 
457,913 
232,275 
95 

5 

1,055 
193,281 
248,715 
7,475 
543,701 
904,675 
671,055 
1 

1 

43 

595 

37 
59,311 
479,201 
713,027 
862,491 
21 

3 
665,221 
5 

205 
878,005 





ON THE RANK OF A MATRIX. 


By W. H. MErz_er. 


1. It is a well-known theorem that: Jf in a given matrix a certain m- 
rowed determinant is not zero, and all the (m + 1)-rowed determinants of 
which this m-rowed determinant is a first minor are zero, then all the (m + 1)- 
rowed determinants of the matrix are zero. 

The principal object of this paper is to give a proof of the following 
generalization* of the foregoing theorem and to give the corresponding 
generalizations for symmetric and skew-symmetric matrices: 

If in a given matrix a certain m-rowed determinant is not zero, and all 
the (m + h)-rowed determinants of which this m-rowed determinant is a minor 
are zero, then all the (m + h)-rowed determinants of the matrix are zero. 

Let 


(n | m) t (n | m)(n | m | h) 


(n | m) (i | m | h) soli 


M + 0, and 


~ (n|m) 


ha 1,2, --- (n — m),. 


On account of identical columns we obviously have 
(n|m)(n| mh + k) 


\(n !m)(n|m|k)(n|m|h). ” 


Expanding in terms of minors of order k and their complementaries 
we have 


(n|m|k) (n|m|k)(n|m|h+ hk) 
j a oi ; a j a fr.) = 0, 
j= (n| m|k) (n| m)(n| mh) 


fori = 1, 2, --- m,, and k = 0, 1, --+ m. 
The determinant of the coefficientst in this set of equations for each 


* This extension was proved by the writer in February, 1913, but before it was put in com- 
plete form for publication Cullis’s book on Matrices and Determinoids appeared and contains 
the extension. While the theorem is no longer novel the method of proof here employed is of 
interest. 

t Obviously no generality is lost in taking the m-rowed determinant coaxial. 

t By coefficient here is meant the first factor in each term. 
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value of k is the kth compound of M and is therefore not zero. Giving k 
successively the values from 1 to m we have 


(n| m| KH | m|h+h) 


= 0, 
‘(n|m)(n | m|h) (1) 


for all values of j, 6, , k. 
For the values 1, 2, --- m of k we have the result that all minors of the 


matrix which have m columns and (m — 1), (m — 2), --+ 0, rows in common 
with M vanish. 


Therefore 
\(n | m + h) 
_ = 0, (2) 
(n | m)(n | m | h) 
for e = 1, 2, +++ Mm—n. 
Lemma. If 
(n|m+h) 
(n|m)(i|m{h)’ 
for all values of e, y, then 
(n|m+h+hk) 
M’ = : (3) 


= 0 
(n'm)(n|m|h +k) 
a a 6 


That is if all minors of order (m+ h) formed from the m columns 
(n | m) and h others vanish, then all minors of order (m + h + k) formed 


from the same m columns and (h + k) others will vanish. 
For 


man, (e|M+Eh+k| kK) (nlm+h+k{k) 
M = _ 7 . | _* ‘ 
2; (n| mjh + kk) (n|m)(n|m|h+k\|k) 

S p a a 3 p 


since the minors of order (m + h) in every term are zero by hypothesis. 
Since by (3) M’ = 0, it is obvious that 





(n | m 


k)(n | m + h)| 


’ 


i= 
(n| m)(n|m|h + k)| 





ON THE RANK OF A MATRIX. 


and we have 


nm, (n|m|k) | (n| m+ h) 
2 4.) ene =0 
ai (n| mk) (n|m|k)m|m|h + k) 


fork = 1, 2, --- m, andj = 1, 2, --+ m,. 

The determinant of the coefficients in this set of equations is the kth 
compound of M and is therefore not zero. 

It follows that 


(n| m+ h) | 
’ | =0 (4) 


(n|m!k)(m| mi h+h), 
a 1 a F) | 


for all values of e, 2, 5, k. 
Giving k successively the values 1, 2, --- m we have our theorem 
proved, or stated symbolically it is: 
If 
|(n | m)| (n | m)( | m | hy 


| + 0, and - = 0, 
(n | m)| (n | m)(n | m | h) 
a a a Y | 


B 


Pha 1,2, «+ (mms 


\(n|m|g)(n|m|h+qQ) 
j a ‘ a é = 0, (5) 


miming aih+% 


= 0,1, --+ m, jf UB oo me f= 1% e— m)aee 
2. In a symmetric determinant, if all coaxial minors of order m + h 
and m + h + 1, which contain the coaxial minor M of order m, are zero; 
then all minors of order m + h, which contain M, will be zero. 
That is if 
| (n | m) 


M=\ , 
| (n | m) 


and if 
(n|m)(n | m|h) | 
y - 7 1 =0 
(n| m)(n | m | h) | 
a a B 





ol Amcntne NE tad canals Eee Ml. Mpghetin ape ete” - nlee AR ng 
—A et ee Sey at See ae ~ my 


oo 


Aan 
<7 


a 
1 











a 
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and _ | 
(n| m)(n|m|h + 1) 
a a y = 


D 
(n!m)(n|m|h + 1) 
a a Y | 


for all values of 8 and y; then 
(n | m)(n | m| A) | 
a 7 a ‘ \ 0 
(n| m)(n|m| h) | 


for all values of 7 and j. 


For 
(n|m)(n|}mih) — (n| m)(n|m{h) (n|m)(n|ml|h) ? 
a a ry a a | a a ‘ 
(n|m)(n|m{h)  (n|m)(n| mh) (n | m)(n | m | h) 
a a ' a a J a a j 


is a coaxial minor of order two of the reciprocal of D and is therefore zero, 
and since each factor in the first term is zero it follows that 
(n|m)(n! mh) 
se le 0. 
(n|m)(n|m_h) 
a a J 
If (6) is true and M + 0, it follows from (5) that every minor of order 
m +h of a symmetric determinant is zero. 
3. In a skew-symmetric determinant if the coaxial minor 


(n | m) 


(n | m) 


a 


is of even order, and if the coaxial minors of even order 


(n | m)(n | m | h) 
a 7 a * - 0, 

(n | m)(n | m | h) 
a a B 


for all values of 8; then 
(n!m)(n | m | h) 


(n|m)(n|m|h) 
| a a Jj 


for all values of 7 and j. 
For since m + h + 1 is odd, every coaxial minor of that order is zero. 


It follows then as in article 2 that every minor of the (m + h)th order 
which contains M is zero. 
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If (7) is true, and if M + 0, it follows from (5) that every minor of order 
m + h of a skew-symmetric determinant is zero. 

For other conditions determining the rank of a symmetric and a skew- 
symmetric determinant see the author’s paper* in the American Joyrnal 
of Mathematics for 1894. 


Syracuse UNIVERSITY, 
November, 1913. 


* Metzler, Compound Determinants, Amer. Jour. Math., vol. 16, pp. 131-150. 











ON THE EXPRESSION OF CERTAIN MINORS OF THE LTH 
COMPOUND OF A DETERMINANT AS A FUNCTION 
OF THE ELEMENTS OF A SINGLE LINE OF 
THE MTH COMPOUND. 


By W. H. Merzcer. 


In the Messenger of Mathematics for December, 1905, Dr. Thos. Muir 
called attention to a relation between two determinants of orders n and 
(n — 1), which arose in connection with a problem of elimination. In this 
paper a slightly more general relation is considered from a somewhat 
different angle, adding sufficient novelty for further interest. 





If 
| (di) | | (1,) | 
4= | a | We 
'(n| m|{l)}\ (n| m0 | (n | m | 0) | ‘ 
| a 1 ii a 2 | a A / 
and 
(nimil)| (n|m|D (n|m | l) 
A’ = ° : ° a err , “ 
~\ (nfm{l (nt m{) (n|m|l) ]’ 
\ a 1 a 2 a A 


where (1;), (ls), ---, (,) are \ sets of / numbers each taken from the numbers 
1, 2,3 ---, n; and where no two sets have any numbers in common; then 
the product 


(li)(n|m {Ll (ky)(n| md (L)(n| m0) 
l 2 A 
A . A’ = - = , , ' (1) 


(n | m) (n | m) sa (n | m) 


It may be observed that while A is a minor of the [th compound of a 
given determinant, and A’ is a minor of the (m — l)th compound of this 
same determinant, A’’ is not a minor of the mth compound of this deter- 
minant, but a function of the elements of a single column of the mth com- 
pound. 

It should also be observed that the row numbers of A” are the row 
numbers of A combined with the corresponding row numbers of A’. 

Suppose now that m = k -1+ h, where h < 1 and therefore k is the 
greatest integer in m/l. 

Let 

(L;) (Iz) (ls) --+ (L,)(h) = (n| m), 
8B 
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then obviously 
(n| m) |* 
= A’ | | ; 
lm) " 
where 


900 


( (Liss) (n | m We) (L,)(n | m | l) 


(n | m) | (n | m) 
Again, since 
[(n | m) 
= | | => i 
| (n | m) | 
say, we have 
A-Me ve = a”. (3) 
This may be looked upon as a relation giving the value of A in terms 
of A’”’, or giving the value of A’” in terms of A. 
If in (3) 1 = m — 1, then k = 1, and h = 1, and we have 
A - ". (4) 
a result given by Muir.* 
If 


(1;) — (aya2 es Qm—1) = (n | a, | !), 


(l;) = (ag +++ Om), 


(l,) = (QmO&m+1 “ee Q2m—1), 
then 
(ajay +++ am)! | (a2eg + + + Om4t) (mO&mp1 °° * — 


(5) 


a=a" =|, 
|‘ 


v| m) “l(n|m) _ }(n | m) | 
As an example of (3) let m = 4, 1 = 2, (n| m) = (9rop), and (n| m) 
= (1234) and we have 
( 12) |34 “ 8|{9r|\op! \9rop| _ {pease 3470 ||569p!| 789! ). 
1121/13) | 23 | | 24 sal) 1234! ~ \|1234! | 1234! | 1234 1934 
Here k = > and the row numbers of A’”’ are formed by adding to the 
row numbers 12, 34, 56, 78, of A, the row numbers rp, ra, 9p, 90, which 
are the combinations of 97ap taken two at a time except those two which 
appear in A, viz. 97 and ap. 
If in this example we had taken (n | m) = (1234) we would have 
8B 


12 78 Oe 1234| (| 1356| | 1478} | 2397 a) 
1al|14 23 mp 1234} \| 1234} | 1234] | 1234| | 1234 


: ® ‘ , 9 f 
*Ibid. Cf. author's paper on Compound Determinants, Amer. Jour. Math., vol. 20, No. 3. 
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If each element in the first column of A is the sum of two terms we 
would have 

112] , |pq) 34 56, 78 eile) '9rap| 

(0 T} 49/113) /14)/23)| 241/34] ) * | 1234 





“ ipo pqrp| 3470 | |569p | boongd 
=\ | 934/ T1934) 1234 | 1234! | 1234) ): 
In general, if 
hy (U,') 


S.=>d 


= (n| m/l) 


’ 


a k 
and 
A = (SiS. --- S,), 
then 
A ° A’ = A” = (S,'S.’ oes S,’), (6) 
where 


», (la*)(n |m | L) 
— 8 
S,'=2 ; 

i=1 (n|m) 


A few further examples will illustrate with what ease the value of such 
determinants may be written down. 
Taking 1 = m — 1, we have 


123) |126) _ [135] , |234||156) _/246| | |345 | |456 
|123| }123) | 123) 1123] | 123} ~ }123| * | 128 1123 | | 
123) /126| _ 135) , |234||156| _|246| | |345| /456) 

124} |124)~ |124/ 7 |124! 124) ~ j124! F124) | 124! 
































123| |126| _ 135| | 234||156| {246 , |345| | 456) 
134) |134 134. 134| |134| ~ |134| }134! | 134| 
i _ | 135 4. |234| | 156 | 246 | (345 | | 456), 
||234| |234| ~ | 234 234 | |234! — |234| | 234 | | 234) | 
(|1234 | 1345| _ | 1246 | 1456 | * 
1234} | 1234] — | 1234] | 1234 | 
_ (1235 | 2345|  |1256| | 2456 
|1234| |1234| | 1234} | 1234) ° 
| 1236 | | 2346 1356 | |3456 
1234 | | 1234} | 1234| |1234| 














* Muir, ibid. 
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|| 1234 
| 1234 


| 1234 


| 1236 
| 1234 


(| 1234 


1235 
1234 


1234 
and the determinant whose elements in the first row are 


256 
123 |’ 












256| | 456 
123 |’ |123 
|| 1234 3456 

















1234 





456 
123 


1456 
| 1234 


1456 
1234 


1456 
1234 
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2456 
1234 


1236 1456 





CERTAIN MINORS OF THE LTH COMPOUND OF A DETERMINANT. 


Similarly the determinant whose elements in the first row are 














2456 


1234 


= ees 
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3456 
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IMPLICIT FUNCTIONS AT A BOUNDARY POINT. 


By L. S. DepERIcK. 


1. Introduction. The ordinary theorems* which state the existence of 
implicit functions of real variables defined as the solution of one or more 
equations, demand that the initial point or known solution shall be an 
interior point of the region of definition of the functions in the given equa- 
tions. In other words, the existence, continuity, etc., of the functions 
occurring in the equations to be solved, must be given in a complete neigh- 
borhood of the initial point. 

Moreover, it is easy to see that these theorems do not hold at a boundary 
point. For example, the function y + 2°? defined in the region y 2 0, 
vanishes at the origin but at no other point of the region, although it satis- 
fies all the conditions which would be sufficient at an interior point to insure 
the existence of a continuous solution of the equation y + z? = 0 in the 
neighborhood. In fact it would be obvious without an example that the 
boundary might be so drawn as to cut off the solution. 

It is scarcely obvious, however, that the ordinary conditions may be 
fulfilled at a boundary point, and yet the solution may not be single- 
valued in the neighborhood. This is illustrated by the following example. 
Let F(z, y) be defined in the region x < v|y |, being equal to y when 
x < 0, equal to y — 2z? when x = O and y 2 2’, and equal to y + 22” 
when z 2 O and y < — 2. This function is easily seen to be continuous, 
together with its first order derivatives, within and on the boundary of 
the region of definition, and dF /dy + 0 at the origin. Yet the solution of 
F(z, y) = 0 is obviously two-valued when zx > 0, since it consists of y = 22? 
and y = — 22”. 

These examples show that in the ordinary theorems the restriction of 
the initial solution to an interior point is an essential one. The purpose 
of this article is to derive theorems for the case where the known solution 
occurs at a boundary point of the region of definition of the given functions, 
still retaining the condition that the Jacobian of these functions shall be dif- 
ferent from zero at the initial point. The method of treatment agrees with 
that of Kowalewskit in that it proceeds without induction and reverses 





* Cf. G. A. Bliss, Princeton Colloquium Lectures, § 1. 

t Leipziger Berichte, vol. 60 (1908), pp. 10-19. This paper has evidently been overlooked 
by Bliss. For his methods for establishing -existence and uniqueness are practically the same as 
those given by Kowalewski in this article, although the latter is not referred to either in the Col- 
loquium Lectures or in Professor Bliss’s earlier presentation of these methods in his article in the 
Bulletin of the American Mathematical Society, vol. 18 (1912), p. 175. 
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the more usual order by treating first the inversion of a transformation 
and deriving from this the solution of a system of equations. 

2. Preliminary Definitions. The notation of Bolza,* by which a func- 
tion is said to be of class C’ if it is one-valued and continuous and has its 
derivative (or all its partial derivatives) of the first order continuous, will 
be extended to transformations and systems of equations if all the functions 
appearing explicitly in them are of class C’. A transformation or system 
of equations of class C’ will be called regular at any point or in any region 
where its Jacobian is different from zero. 

By a region, unless the contrary is stated, will always be meant a com- 
plete region, i. e. a continuum together with all its boundary points. More- 
over, at any boundary point of a region at which a given partial derivative 
can not be formed, that derivative of any function will be called continuous 
if its value in the interior of the region approaches a unique boundary 
value, and this will be called the value of the derivative at the boundary 
point. 

A region will be called uniformly connected if there exists a constant G 
such that any two points of the region can be connected by a broken line 
lving wholly in the region and having a length not greater than G times 
the distance in a straight line between the points. An example of a region 
which is not uniformly connected is furnished by the portion of a plane 
external to a cusp. 

A function of n variables, f(x;, --- 2,), will be called uniformly differ- 
entiable in a region if there exist n variables aj, --- a@,, such that 


flay + hy, eee Gy + h,) — f(a, ht An) = De hilfe(ar, ido Gn) + ail, 


and such that the a’s approach zero with the h’s uniformly for all values of 
(i, +++ a, in the region. 

By the vicinityt of a boundary point of a region will be meant that 
part of a complete neighborhood of the point which belongs to the region, 
or if no region is mentioned, then merely some part or perhaps all of a 
complete neighborhood. 

3. Lemma on Uniformly Differentiable Functions. A function of class 
C’ in a uniformly connected region including its boundary, is uniformly differ- 
entiable in this region. 

The proof will be given for two variables, but is exactly the same for 
any number. 

Let f(z, y) be the function and (a, b) be any point of the region, either 


* Calculus of Variations, pp. 6, 7. 
t Cf. Pierpont, Theory of functions of real variables, vol. 1, p. 159. 





an i eae ea 








ae 





Anca <item tec Sina ee Ae etna cana 









NE RE eae. 











172 L. S. DEDERICK. 


in the interior or on the boundary. Then it is to be shown that a and B 
exist such that 


(1) Af =fa+h,b+hk) —f(a, b) = hf., b) + a) + ka, b) + 8), 


and such that a and 6 each approach zero when h and k do, and that this 
approach is uniform for all values of a and b in the region; i. e. to any positive 
e there corresponds a 6 independent of (a, b) such that | a| < eand|6| <e 
whenever vh? + k? < 6. 

Let the vertices of the broken line joining (a, b) to (a+ h,b +k) 
which is demanded by the fact that the region is uniformly connected, be 
(0 ai: 2. teas b), (x1, yi), (X2, Y2), ooo (7, = at h, Yr = b+ k). Then 
by applying Taylor’s theorem to each of the segments and adding, we get 


(2) Af = p (xi — reafr(xi; yi’) + (Yi — Yi f(ai’, wD], 
where (z;’, y;/) is some point on the segment joining (z;-;, yi-1) to (2;, yi). 
If we write fai’, yi’) = f(a, b) + a; and f,(z,’, y:’) = f,(a, b) + 8; and 
observe that rae (x; — 2-1) = h and ry, — y;-1) = k, we get by com- 
paring (1) oul (2) that 
(3) ha + kB = > 2 [ai(x; — 2-1) + Bilys — Yi-1)). 

Since f, and f, are continuous in the complete region they are uniformly 
continuous. This enables us to choose 6 independent of (a, b) such that if 
v(x — a)? + (y — b)*? < G6, then | f.(z, y) — fz(a, b) | < €/2G and | f,(z, y) 


— fy(a, b)| < €/2G. If Wie? +k < 8, then v(x,’ — a)? + (yi’ — b)? < Gd 
((=1,--- mn), and hence | a;| < €/2G and | 8;| < «2G. Moreover 


2d xi — a1! < Gv? +k and ly — yi-n| < Gv? +k. Applying 
these relations to (3), we get 
|ha + kB| < ev? + ke. 


If we choose a and 8 proportional to h and k we may write a = ph, B = pk, 
ha + kB = p(h? + k*). Therefore 


lo | (W+kh) < ew +R, 


€ 
es = 
Mel < e+e 





ja|=|ph|< 


IIA 


Vh? + k? . 


Similarly | 8 | < ¢, and the lemma is proved. 
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An example of a function of class C’ but not uniformly differentiable in 
a region is given by the function F(z, y) defined in § 1. 

Incidentally we have derived by this lemma a sufficient condition that 
a function of two or more variables be totally differentiable at a boundary 
point of a region in which it is known to be of class C’. This property, 
however, can be established under a much less stringent condition, which 
we may state by saying that the boundary point must be ‘ uniformly acces- 
sible,’ i. e. the broken line joining it to any point in the vicinity must be 
less than G times its distance from the point, where G is a constant. 

4. The Inverse of a Transformation. THrorem 1. [f a transformation 


T: Yi = fila, +++ Ln), t=I1,-+-n 


is regular in a uniformly connected region S, of which a = (aj, +++ Gn) is a 
boundary point carried by T into a point b = (by, --+ bn), then there exists 
a vicinity of a, V(a), in which T possesses an inverse 


Tt; Zi = GOi(Yi, +++ Yn); t=I1,---n 
which is regular. 

To prove this we must show first that if V(a) is suitably restricted, 
T- is one-valued, i. e. no two points of V(a) are carried by T into the same 
point. If two points z = (x, ---2,) and 2’ = (x;’,---2,’) are trans- 
formed by T into the same point, the increment Af; of each f; in passing 
from one point to the other must be zero. Now by the Lemma, 


(1) Af; = 2 (2;' — 2))(fii(z) + a), i= 1, oie 
} 

where f;; = df;/8x; and each a;, approaches zero as x’ approaches z, the 
approach being uniform for all points z. Hence by taking V(a) sufficiently 
small, the maximum value of 2;’ — 2; will be restricted so that each aj; is 
arbitrarily small. This, together with the continuity of the functions fi; 
and the continuity of a determinant as a function of its elements,* shows 
that in a sufficiently small vicinity of a the determinant of the coefficients 
of z,;’ — z; in (1) will remain different from zero. Hence setting Afi = Afs 
= +--+ = Af, = 0 makes z,’ = 2; (j = 1, --- n); and two points having 
the same image must be identical. 

The proofs that the functions ¢; are continuous and have continuous 


* Cf. Bliss, op. cit., p. 9, where it is stated that essentially this same determinant will remain 
different from zero in any region in which the Jacobian remains different from zero, the fact being 
apparently overlooked that the arguments are in general different in the elements of different 
rows. This is obviously an oversight as it would imply directly that a transformation with a 
non-vanishing Jacobian would have a one-valued inverse for any convex region as a whole. 
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partial derivatives, are identical with those given by Kowalewski* for an 
interior point, so that it is not worth while to reproduce them here. When 
these are supplied, and the Jacobian of 7~! shown in the ordinary way to 
be different from zero, the proof is complete. 

This theorem states properties which are practically the same at a 
boundary point as at an interior point. Under these circumstances the 
theorem must necessarily lack one feature of the theorems for an interior 
point, namely a proof of existence; for this is essentially different at a 
boundary point. This topic is discussed in the two following theorems. 

THEOREM 2. If the transformation T is subject to the conditions of 
Theorem 1, the image of the boundary of S in the neighborhood of a divides the 
neighborhood of b into two parts, of which it forms the common boundary, 
such that at every point of one part the inverse T~ exists, but at no point of 
the other. 

Let s denote the boundary of S, and s’ its image; and let b’ and b” be 
any two points in the neighborhood of 6 but not on s’.. Then if 7! exists 
at b’ and not at b’’, we must show that any curve joining }’ and b” and 
remaining in the neighborhood of b, must meet s’. Since b’ is not on s’ it 
is the image of an interior point of S, and is therefore surrounded by a 
complete neighborhood in which 7~ exists. Since 7~! does not exist at b”, 
there must be a boundary point d on the curve such that 7 exists at all 
points of the curve between b’ and d, but fails to exist at some point of the 
curve in any arbitrarily small neighborhood of d. As a point moves along 
the curve from b’ to d, it will have an image in S, which from the continuity 
of 7~! will move along some curve from a’ to some limiting point c, which 
from the continuity of 7 must have the image d. The point c can not be 
an interior point of S, because in that case 7~! would exist in a complete 
neighborhood of d. It is therefore a point of s and hence d is on 8s’. This 
completes the proof. 

It is easily shown in like manner that the image of S in the neighborhood 
of a forms a connected region. 

THEOREM 3. Jf a is a non-singular point of s, the boundary locus of S, 
Theorems 1 and 2 are applicable, and b, the image of a, is a non-singular point 
of s’, the image of s, provided T is restricted to a sufficiently small neighborhood 
of a. 

To prove the first statement we merely need to observe that in the 
neighborhood of a the region S must obviously be uniformly connected. 

To prove the second statement we may assume without loss of generality 
that the boundary s in the neighborhood of a has the form x; = w(2, «-+ Zn), 


. — RP « 1 ' m , ‘ 
Loe. cit., §§ 3,4. These proofs, however, are very simple and may easily be supplied by 
the reader. 
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where w is of class C’, Then its image s’ will be 


yi = fi(w(22, ee Za), Te, °*° Ln) 


i=1,---n, 
= Wi(Xo, eee Z.) 


being written in parametric form. It is readily seen that the functions y; 
are of class C’, and that consequently a necessary condition for a singularity 
of s’ (for sufficiently restricted values of the parameters) is that the matrix 
of the partial derivatives of the functions y; shall be of rank lower than 


n—1. But since 
OY; _ Of; Iw of; _ i= ‘+7 
OX; 02,02; 92; j=2,---n, 
this would make J = 0 because this matrix can be obtained by an 
elementary transformation from that formed by striking out the first 
column of J. Therefore 6 is a non-singular point of s’, the new boundary. 

These theorems are more than sufficient to justify certain statements 
on this subject which were made without proof in a recent article* by the 
author on transformations with vanishing Jacobian. 

It is easy to derive various other details of the properties of a regular 
transformation in a uniformly connected vicinity of a boundary point. 
A number of them may be roughly summed up in the statement that at such 
a point, as at an interior point, a regular transformation is approximately 
projective. 

5. The Solution of a System of Equations. The problem of solving a 
system of equations is easily expressible in terms of finding the inverse of a 
transformation, whether it be at an interior point or at a boundary point. 
Let it be required to solve for the z’s the equations 


(1) F(a, +++ 2nj Us, «** Um) = O, qm], --- mM, 
This will be accomplished if we can find the inverse of the transformation 


a y; = Fix, se* Tn, Ur, +++ Um), 
in the form 
2; = ° eee Yn; V1, eee Um), 


U-); 


ui = 


For we can then set y; = y2 = -:: = Yn = O and get the solution of (1) 
in the form 


xz; = (0, --+ O; wi, +++ Un), p= lees n, 


* Am. Math. Soc. Trans., vol. 14, pp. 143-148, the second footnote and the last. 
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Accordingly, if we merely observe that the Jacobian of U has the same 
value as that of (1), we may from Theorem 1 immediately derive 

TueoreM 4. If the system of equations (1) is regular in a uniformly 
connected region S, of which (a,c) = (di, +++ Gn; C1, °° Cm) ts a boundary 
point, and if (a, c) is a particular solution of (1), then in whatever vicinity 
of c = (1, +++ Cm) a solution of (1) exists, it ts of the form 


(2) @; = fi(ur, = Um); i= 1,-: n, 


where the functions f; are all of class C’, provided the vicinity forms part of a 
sufficiently small neighborhood. 

It now remains to determine for what values of uw, --- u,» the functions 
f; are defined. The following theorem answers this question in general 
for the case that (a, c) is a non-singular point of the boundary. 

TueorEM 5. If the system of equations (1) satisfies the conditions of 
Theorem 4, where the boundary of S is defined by the equation 


(3) Q(x, +++ Lnj U1, -** Um) = O 
in the neighborhood of (a, c), 2 being of class C’, and if at this point the matriz 


OF, 7 OF, oF, OF, 
Ox, OXn OU;  OUm 


OF, OF ,, oF ,, OF ,, 
Ox OX, OU; a OUm 
02 dQ AQ dQ 


Oz, Xn OU, — Um 
is of rank n + 1, then the solution (2) exists in a vicinity of ¢ = (ei, «++ Cm) 
of which the boundary may be written 6(u,, --- Um) = 0, where 6 is a function 


of class C’, which at c is equal to zero but has some non-vanishing partial 
derivative. 

Since J, the Jacobian of the functions Ff; with regard to the z’s, is not 
zero, the matrix will contain a non-vanishing (n + 1)-rowed determinant of 
which J isa minor.* Let us call this K and assume as a matter of notation 
that the additional column in K is that containing 0F;/du;, ---. Some 
element of the last row in K must be different from zero, and we shall 
assume, also as matter of notation, that this is 0Q/dz,._ (The case that the 
only non-vanishing element in the last row is 02/du, is not essentially 
different; but it will be considered separately.) 

With these assumptions we may solve equation (3) for x,, getting the 





* Bocher, Introduction to Higher Algebra, § 19, Theorem 1. 
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boundary of S in the form 2; = w(22, +--+ Zn; U1, +++ Um), in a suitably 
restricted neighborhood (as always). If we apply to this the transformation 
U, we get the boundary of S’, the image of S, written in parametric form, 






yi = F (w(x2, +++ In3 U1, °° Um), X2, 7+ * Ens Uy oes Um) 





(4) al Yi(ze, °° En, Ul, *°* Um); 
















Uv»; = U; i= *o*' Mm 









Here it is to be noted that the functions ¥;, which are obviously of 
class C’, are defined in a complete neighborhood of (a2, «++ @n; ¢1, «++ Cm). 
Moreover, their Jacobian at this point with respect to ro, +--+ 2,, and wu, is 
not zero. For if u; be called z,4:, we have 


dQ 
dY; OF; dw OF; oF, _ 92; oF; 1=1,---n, 

Ox; OX; Ox; ' OX; OX, dQ Ox; j=2,---n+1, 
Ox, 


















and this is precisely the form taken by the typical element in the minor 
of dQ dx, in the determinant K after all the remaining elements of the last 
row have been made zero by the usual process. Since this determinant is 
not zero, the ordinary theorem on implicit functions tells us that there is a 
solution of the first n equations of (4) in the form 







(5) Uy = xi(Y1, -** Yn} U2, -** Um), 











Xi = xilYr, +°* Ynj Us, °°* Um), 








where the y’s are of class C’. If in (5), the first of these equations, we 
replace the u’s by u’s ,we have the equation 






Ur = xi(Yry °° * Yns V2y +++ Um); 
which represents the boundary of S’; that is to say, U~! is defined in the 
vicinity of (0, «++ 0; ¢;, -++ ¢m) in which v; = (<)xi, and not in that 
where v1; < (2)x1. 
This will be true in particular in the domain >’ formed by setting 
Yi = Yo = +++ = y, = O, the boundary then being 








xi(0, ++ Os va, eee Um) 


Vv; 











= ACY, hai Um). 
Now ’ is carried by the transformation U~ into a region of which the 
boundary is u; = (us, «++ u»). This, if written in the form 0(uj, +++ Um) 





= 0, will satisfy the conditions of the theorem. 
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The treatment is very little changed in the excepted case where 02/du, 
is the only non-vanishing element in the last row of A. Here we solve 
equation (3) for wu; and the equations corresponding to (4) for 2, +--+ 2p, 
and substitute the values of the latter in the expression for u;. This leads 
to an equation having exactly the same properties as (5). The reasoning 
and remaining details are exactly the same as before; and the proof is 
hereby completed. 

If the matrix mentioned in this theorem is of rank n we may expect 
the boundary of = to have a singularity at the point in question. The 
character of this singularity may be determined—at least formally—by 
substituting in @ the values of the z’s and u’s from U™~, provided the 
necessary higher partial derivatives of 2 and the F’s exist and are continuous. 

6. Conclusion. The principal results of this article may be summed 
up in the following statement: 

If the given functions are of class C’, the ordinary theorems on implicit 
functions can be extended to the case where the initial solution is a boundary 
point, with only such changes as are obvious, provided the region in the 
neighborhood of this boundary point is uniformly connected. 

PRINCETON UNIVERSITY, 

August, 1913. 






A FORMULA IN THE THEORY OF SURFACES. 


By R. D. BEETLE. 





The normal curvature 1/R and the geodesic torsion 1/T of a curve C 
lying on a surface S, whose first and second fundamental forms are Edu? 
+ 2Fdudv + Gdv* and Ddu? + 2D’dudv + D’'dv’, are given by 


1 _ Ddu? + 2D'dudv + D"dv’ 
(1) R~ Edu? + 2Fdudv + Gav?’ : 
(FD — ED')du? + (GD — ED")dudv + (GD’ — FD")dv* 
“ 7" H (Edu? + 2Fdudv + Gdv*) , 


where H = VEG — F°. 


Si es le NE a reg 























We may also write 









3) T 7 
where 1/7 is the torsion of the curve C, s is its arc, and w is the angle which 


the normal to S makes with the principal normal of C. 
In 1760, Euler* proved the relation 


; 1 4I1/1 1 5(- ~) 
ee dae cae aces a i | ea 26 
(4) R 3(++ +5 ae cos 26, 


where p, and p: are the principal radii of normal curvature, and @ is the : 
angle between the directions whose radii of normal curvature are R and py. 
In 1848, Bonnett derived the corresponding formula for 1/7, 



















: 1_1(1_1), 7 

(5) 775 (- ~) sin 26. i 
Introducing the total curvature | 

__ DD" =-D*_ 1 I 

(6) K = a as 
and the mean curvature i 

” ‘ ED” +GD-—-2FD' 1,1 

(7) x, = H? "a 





we > express (4) and (5) in the form 





*L. ey Recherches sur la courbure des surfaces, Hist. de I’Acad. de Berlin, 16, 1760, p. 119. 
t O. Bonnet, Memoire sur la theorie des surfaces, Journal de I’ Ecole Polytechnique, XXXII 


Cahier, p. 1; 1848. 
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(8) 1 1 (Ky, + VKn? — 4K cos 26), 
and 
1 1 =~ . 
(9) T alt VK,” — 4K sin 28. 
Combining (8) and (9), we obtain the formula 
1 1 Kn 
(10) R? + T? saa R = K, 


which, so far as I know, has hitherto escaped notice. It is easily derived 
directly from (1), (2), (6) and (7) by using as parametric curves an orthog- 
onal system with the curve C one of the curves v = const. 

The relation (10) can be given the following geometrical interpretation. 
For each point of S, the locus of the point whose Cartesian coérdinates are 
(1/R, 1/T) is a circle with center M at (3K, 0) and radius } VK, — 4K. 
The circle meets the axis of 1,/R in the points A; = (1/p;, 0) and Az = (1/ps, 
0), corresponding to the principal directions on S. It meets the axis of 
1,T in the points B, = (0, v— K) and B, = (0, — v— K), corresponding 
to the asymptotic directions on S. From (4) and (5), it follows that, for 
every point P on the circle, 2 PMA, = 26. To orthogonal directions on 
the surface correspond, therefore, diametrically opposite points on the 
circle. 


P, 

















Fic. 1. Fic. 2. 

It is known, and easily verified directly from (1) and (2), that, if (1/R,, 
1/T;) and (1/R2, 1/T2) correspond to conjugate directions, then R/T: = 
— (R2/T2). It follows that, if P; and P, are the corresponding points on 
the circle, and O is the origin, the lines OP; and OP, are symmetrical with 
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respect to the codrdinate axes. The lines OP; and OP, meet the circle in 
two other points, Q; and Q,. The directions corresponding to P, and Qz2, 
or to P; and Q,, are symmetrical with respect to the principal directions. 
The directions corresponding to Q,; and Q, are conjugate. The directions 
corresponding to P; and Q,, or to P, and Q., are in the relation called 
inverse-conjugate by Voss.* 

Conversely, any two lines through O, and symmetrical with respect to 
the codrdinate axes, meet the circle in four points which have the mutual 
relations just stated. To the points of contact, 


C, = (ee K VK(K.? — 4K), 


0, = (2%, — 3 sears =an)), 
of the two tangents of the circle which pass through O, correspond the 
characteristic lines, the only self-inverse-conjugate lines. 

From the geometric properties of the figure, we obtain the following 
theorems. With a few exceptions, they are well-known. 

1. On surfaces of negative total curvature (fig. 1), the asymptotic lines are 
real, but the characteristic lines are not. On surfaces of positive total curvature 
(fig. 2), the characteristic lines are real, but the asymptotic lines are not. 

2. Each of the following is a characteristic property of minimal surfaces: 

(a) the asymptotic lines form an orthogonal system; 

(b) at each point, the value of 1/R? + 1,/T? is the same for all directions, 
being equal to minus the total curvature of the surface; 

(c) at each point, the value of 1/p? + 1/7? is the same for all the geodesics 
through the point, that is, the square of the total curvature of every geodesic is 
equal to the negative of the total curvature of the surface. 

For each is a necessary and sufficient condition that M fall on O. 

3. In order that a non-minimal surface be developable, it is necessary and 
sufficient that, at each point, the two asymptotic directions coincide. 

For the circle is then tangent at O to the axis of 1/T. 

4. On developable minimal surfaces, that is, on planes, both asymptotic 
lines and lines of curvature are undetermined. 

The circle reduces to a point, the origin O. 

5. On spheres, the lines of curvature are undetermined, but the asymptotic 
lines are not. 

The circle reduces to the point M, distinct from 0. 

6. The geodesic torsions in two orthogonal directions differ only in sign. 


*A. Voss, Uber diejenigen Flichen, auf denen zwei Schaaren geodiitischer Linien ein 
conjugirtes System bilden, Sitzungsberichte der K. Akademie zu Miinchen, vol. 18 (1888), p. 96. 
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For the corresponding points, being at the extremities of a diameter of 
the circle, have ordinates which differ only in sign. 

7. The sum of the normal curvatures in two orthogonal directions is constant 
at each point of S, and equals the mean curvature Km. 

For the sum of the abscissas of two diametrically opposite points of 
the circle is equal to twice the abscissa of the center of the circle. 

8. It is a characteristic property of the orthogonal trajectories of the asymp- 
totic lines that their normal curvature is equal to the mean curvature of the 
surface. 

9. For two asymptotic lines through a point, the torsion at the point differs 
only in sign. The square of the torsion equals minus the total curvature of 
the surface. 

10. For two characteristic lines through a point, the normal curvature at 
the point is the same. The radius of normal curvature in the direction of a 
characteristic line is equal to one-half the sum of the principal radii of normal 
curvature. The geodesic torsion of the characteristic lines through a point 
differs at the point only in sign. 

11. The tangent of the angle between the asymptotic directions on any 
surface is 

2v- K ~~ 2Qv- Pip2 
Kn = pit po ; 

12. The tangent of the angle between the characteristic directions on any 

surface is 


K 2 pips 
= 2a aK ee, 


13. The geodesic torsion has its maximum and minimum values in the 
directions which bisect the principal directions. 

14. For two inverse-conjugate directions, we have the relation R,/T,= R/T». 
For two directions symmetric with respect to the lines of curvature, or for two 
conjugate directions, we have R,/T,; = — (R2/T2). 

15. On minimal surfaces, both for conjugate and inverse-conjugate direc- 
tions, we have Ri + R, = 0. In the first case T; = T,. In the second case 
T, = —_ T >. 

16. For two conjugate or inverse-conjugate directions, the value of 


1 1 1 1 
(aa tra) (gat ze) 


is constant at a point, and equal to K?. 
17. The square of the total curvature of a surface of Voss is equal to the 
product of the squares of the total curvatures of the conjugate geodesics. 
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18. For two conjugate or inverse-conjugate directions, the value of Ry + R; 
is constant and equal to p; + po. 

This is an immediate consequence of 15, 16 and the relation (10). 

19. If Ri, Re, ---, Rm denote the values of R for m directions, m > 2, 
such that the angle between any two adjacent directions is 21/m, then 


1/1 1 1 1/1 1 
a(mtEt +R) oa(ata): 

For the corresponding points are situated at equal intervals on the 
circumference of the circle, and, from elementary mechanical principles, 
their average distance from the axis of 1/7’ must be equal to the distance 
of the center of the circle from that axis. Since this is equally true for 
any other line in the plane of the circle, we can state the more general 
theorem. 


20. If Ry, «+--+, Rm, T1, «++, Tm denote the values of R and T for m direc 
tions, m > 2, such that the angle between any two adjacent directions is 2x/m, 


then ‘ 
le afl 1 
ale +7,)= 5(-+-.) 


for any constant values of a and b. 
In particular, we have 


1 1 1 


By considering more complicated properties of the figure, still more 
general theorems can be derived.* We have adopted, throughout, the 
point of view of the theory of surfaces, but it should be noted that the 
method employed is equally available for the study of conic sections. 


Princeton, N. J., 
January, 1914. 





*See, for example, M. Chasles, Diverses propriétés des rayons vecteurs et des diamétres 
’ . . . ° ’ 
d'une section conique. Propriétés analogues des rayons de courbure des sections normales d’une 
surface, en un point, Comptes Rendus, 26, 1848. 

















THE DEVIATIONS OF FALLING BODIES. 
By F. R. Movtton.* 


1. Introduction. The subject of the deviations of freely falling bodies 
has been considered in many memoirs from the time of Laplace and Gauss 
to the recent work of Roever and Woodward.{ All writers have agreed 
that a body falling from rest near the surface of the earth will deviate to 
the eastward with respect to a plumb-line hung from the initial point, but 
a great variety of results have been obtained regarding the deviation 
measured along the meridian. For example, Laplace found no meridicnal 
deviation, Gauss a small deviation toward the equator, Roever a deviation 
toward the equator several times that of Gauss, and Woodward a small 
deviation away from the equator. The diversity of these results is the 
occasion for this paper. 

In the present paper the solution of the problem of the deviations of 
falling bodies is made to depend upon two well-established mathematical 
theories, viz., that of the solution of analytic differential equations in the 
neighborhood of regular points, and that of implicit analytic functions. 
The methods employed are rigorous, of general applicability, and relatively 
simple. The problem involves three parameters, viz., the height from which 
the body falls, the rate of rotation of the rotating body, and the oblateness 
of the rotating body. Only the first of these is arbitrary, and it is shown 
that the deviations of the falling body can be developed as converging power 
series in it if it is sufficiently small. In the meridional deviation the 
coefficient of the first power of this parameter, which is a function of the 
other two parameters and can be developed as a power series in them, is 
identically zero, at least in the case where the rotating body is a figure of 
revolution; but the coefficient of the second power of the parameter is not 
zero. The sign of this coefficient rigorously determines the character of 
the deviation when the distance through which the body falls is not too 
great. The principal part of the coefficient of the second power of the 
parameter agrees exactly with the result found by Roever in his first paper 
by an altogether different method. Differences in terms of higher order 


* Research associate of the Carnegie Institution of Washington. 

t For a more complete history of the question consult Roever’s papers: Trans. of the Am. 
Math. Soc., vol. XII (1911), pp. 335-353, and vol. XIIL (1912), pp. 469-490; and Woodward's 
articles: The Astron. Jour., vol. XXVIII (1913), pp. 17-29, and Science, vol. XX XVIII (1913), 
pp. 315-319. 
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would be found if they were computed because his definitions of the devi- 
ations differ somewhat from those used in this paper. 

The question naturally arises why so great a variety of results has been 
obtained. The answer seems to lie in the fact that the solution of the prob- 
lem depends upon two distinct mathematical processes, however much 
they may be concealed by the details of treatment; that both of them 
naturally lead to power series in all three parameters; that the coefficients 
of all terms of the first degree in the first parameter are identically zero; 
and that methods of approximation are not adapted to establishing identi- 
ties. It is clear from what has been said that the correct result could 
never be established by explicitly developing the results in all three param- 
eters because only a finite number of terms could be computed; and it is 
equally clear that great care would be necessary to secure exactly the same 
approximation in solving the differential equations and the implicit func- 
tions by approximating methods because the two processes are so different. 
Most writers have developed the results from the beginning in all three 
parameters, and have used approximations without proving their legitimacy. 

2. The Differential Equations. Take the origin at the center of the 
rotating body and the principal polar axis coincident with the axis of rota- 
tion. Then, if r represents the distance, ¢ the latitude, 6 = 0) + wt + 
(where w is the rate of rotation of the body) the longitude, and V the 
potential function, the differential equations of motion are 


dr dy \?* d\? , _aV 

(SG) -r(o +) — ae 

p . dV 

(1) al 7 Ge) + r(o +2) sin ¢ COS ¢ = 7, 


dt dt ¢ 
d dy i 
“ln(« + dt ) cos’? ¢ 


The potential function V in all cases can be developed as an infinite 
series of spherical harmonics whose coefficients depend upon the distribution 
of mass of the rotating body. If the rotating body is a figure of revolution 
about the axis of rotation whose density does not depend upon the longitude, 
the function V can be developed as a series of zonal harmonics of the form 


av 


~ Od" 





9 ro 4 Bis | Siiets ve 
(2) VeWt+5(l 3 sin? ¢) + -::. 


Only the first two terms have sensible effects upon falling bodies and plumb- 


lines for short distances. ; 
Let Po be the point from which the body falls and from which the 


plumb-line is suspended, Po the point where the line from the origin 
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to P, pierces the surface of the rotating body, P; the point where the 
falling body strikes the surface of the rotating body, and P2 the point where 
the plumb-bob touches the surface of the rotating body. For notation 


let the codrdinates of Po be ro(1 +h), ¢o, 9, 
let the codrdinates of Po be ro, ¢o, 9, 
(3) 


let the codrdinates of P; be ri, ¢1, A1, 


let the codrdinates of P: be re, ¢2, Az. 


The differential equations (1) are to be solved subject to the initial con- 
ditions 


(4) 


r(Q) rol +h), ¢(0) = ¢o, (0) = O, 
r’'(0) = 0, ¢'(0) = 0, (0) = O. 


The problem is to find the points P; and P;. If V is a sum of zonal 
harmonics, \. = 0. When P; and P, have been found the longitudinal 
and meridional deviations in angular measure are respectively A; — de 
and ¢; — go. If the first is positive the deviation is to the east, and if the 
second is positive the deviation is from the equator. 

3. Integration of Equations (1). Since equations (1) are regular in the 
vicinity of the initial conditions, it follows from the general theory of 
analytic differential equations that they can be integrated uniquely as 
power series in ¢ which converge for |¢| sufficiently small. It follows 
from (4) that the solution has no terms of the first degree in t. Hence 
the solution in the general case in which V is a sum of spherical harmonics 
has the form 


r= ro(l a h) “+ Ot — aol? = a,t* i a,t' aa ree, 
(5) ¢ = got Of + bol? + bjt? + bti+ ---, 
d= O+ Ot + col? + cf? + et! + ++, 


where the aj, b;, and c; are constants which can be obtained by substituting 
(5) in (1) and equating coefficients of corresponding powers of t. 

But if V is a sum of zonal harmonics, and consequently independent of X, 
it follows from the third equation of (1) that c. = 0; and then from the 
first two equations of (1) that a; = b; = 0. Consequently, in this case the 
solution has the form 


r= ro(l + h) + apt? + 08 + a,t' + asl? + ++, 
(6) yg Yo + bot? -t Ot? + bt! + b.t° + “oe, 
0+0+ cst? + c¢' + 6° +--+. 
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In general, the coefficients of all powers of ¢t beyond the third are distinct 


from zero. 
The full details will be given only in the case where V is a sum of zonal 
harmonies. It is found that 


2a. = wf o(1 + h) cos *¢o + (<) ; 


‘ 1 OV 
y =—_lc 2 on _— —— ss 
2b. $w* sin 2¢o rel + (5 ¥ 


ro(1 + 
(4) 12a, = 4r,(1 + h)b,? + w? cos” ¢o0a2 — ro(1 “ h)w* sin 2¢ob2 


a2 
6c, = — s0| = th) — b. tan eo], 


; P eV eV 
+ 6ro(1 + h) cos* gocs + ( ar? ),a a (sae), 
12a.b. w* sin 2¢0 


~ rol +h) rol +h) 


dy — 3w sin 2¢9C3 — w*® cos 2¢obo 


o7V OV 
+ Ea: + we ), ~ 


The coefficients of higher powers of ¢ are not needed. 

4. Determination of the Coordinates of P,. Let ¢, be the time at which 
the falling body reaches the surface of the rotating body. Then the 
coérdinates of P; are obtained by replacing ¢ by ¢; in equations (6). Hence 
the value of ¢; must be found. 

The point P; is subject to the condition that it shall be on the surface 
of the rotating body, which is an equipotential surface for the potential 
function V and the rotational potential }w*r? cos’. Hence the codrdinates 
of P; satisfy the equation 


12b, = 


8 


a 
ee cs! 
5wr) cos’ ¢1 + © vos 

1 1 


(1 —3sin?¢:;) + --- =C, 








where C is determined by any point on the surface. But the codrdinates 
of P. also lie on the surface of the rotating body and satisfy an equation 
of the same form. The difference of these equations, which eliminates the 
constant C, is 


zz 1 1 
F = }w*(r1? cos? g; — ro? cos* go) + a( = -=)+ (= -<;) 


sin? g;  sin* go 
=< 3/ _ a orc = 


(S) 


If ¢; is put in (6) in place of ¢, and if the series for r; and ¢; are sub- 
stituted in (8), the resulting expression can be developed as a power series 
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in t; and h which will converge provided | ¢,| is sufficiently small and 
|h| <1. That is, (8) takes the form 


(9) F = pth, t:) = 0, 


where p is a power series in h and ¢,. Moreover, it is easily found that 


0 
(10) p(0,0) = 0, (3) = 0, (52) = 4[(a,)? + ro°(b2)?], 
l 0 0 


where a. and b. are obtained from a, and b. by putting h equal to zero. 
It follows from the theory of implicit functions that (9) is solvable for ¢, as 
a power series in vh, vanishing for h = 0 and converging for | h| suffici- 
ently small, provided 4[(a2)? + ro7(b2)?] is distinct from zero. But this 
quantity is the square of the acceleration of gravity at the point P,™, 
and consequently is not zero. Therefore the solution of (9) has the form 


(11) ty = vhpi(vh), 


where p;( vh) is a power series in vh. 

It has been stated that it is sufficient to have the developments of 
series (6) to terms of the fourth degree inclusive in ¢. If the series are 
terminated at this point and V is a sum of zonal harmonics, F becomes 
a function of ¢,;? and h, and equation (8) can be solved for ¢,? as a power 
series in h of the form 
(12) ty? = ah + ash? + -+>. 


The first two terms of this series, which alone are required, are identical 
with the first two terms of the square of (11). 

In order to find the coefficients a; and a, the explicit form of (9) is 
required. It is found from (6), (7), and (8) that 

F = ajoty? + doh + dooty' + ayyty2h + agh? + --- = 0, 

2[(a.)? + ro?(b2)?], 
ao = 2roQ2, 
Ao = 2a. a, + 277d. b, 


10 


68 


. E cos? gy + “5+ (1 — 3 sin? go) | (a.)? 
To To 


(13) 


98]. 38 
as | roa! 9! | sin 2¢9a,b, — | Arata’ + re a2b,, 
. 0 


— 2a . 128 — da 
a1 = EE COS" go + ro + rot (1 — 3 sin’ go) + 2 ($e ), a, 
- 9B . ab 
+ | — rw? sin 2¢9 + 7,3 Sin 2¢0 + 2ret( 7 ), | b, 


a , 68 ; 
37 0°w* COS? gy + Pe 7S (1 — 3 sin? go). 
0 
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On substituting (12) in the first of (13) and equating coefficients of corre- 
sponding powers of h, it is found that 





(0 2 
— Tots” [aro"doz — Girdordio + aor") 


(14) a = (a2)? + 162(b9)?? — Aig? 














On substituting (12) in the second and third equations of (6), it is found 





that 
T,a (0), Ob. 
a ell, Teas (a2)? + rotlbsy2” + | (3), + abd, 
(15) + aitby |i dais, 
— Toa, 





1 =O+ fea hE fo 


(a2)? + 19?(b2)? 





5. Determination of the Coordinates of P,. The point P, is determined 
by the conditions that it shall lie on the surface of the rotating body and that 
the normal to the equipotential surface passing through it shall also pass 
through Po. The first of these conditions gives an equation which differs 
from (8) only in that the subscript 2 appears in place of 1. 

Let 
(16) W = 32°r* cos’ ¢ + V. 









Then the equations of the normal to the equipotential surface W = C at 
the point P(x, ye, Z2) are 


(32), (Gr), _(e) 
(17) dx }2 dy Jo dz }s 





I-22 Yroy 2-2 








If this line passes through P» these equations are satisfied by 
X= Xo = Toll + A) COS go COS A, 


(18) Y = Yo = To(1 + h) cos go sin A, 








z= 2 = ro(1 +h) sin ¢o. 





The two equations (17) and the one which expresses the condition that P» 
shall be on the surface of the rotating body are sufficient to determine 
22, Y2, and Zs, or preferably their equivalents in polar coérdinates. 

Suppose V is a sum of zonal harmonics. Then the two equations (17) 
can be replaced by a single one, which is, if % is taken equal to zero, 


aw aw) _ 
(29 — 22) (S).- (29 — 22) (=), = 0. 
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The equation which expresses the condition that P, shall be on the surface | 
W =C and this equation become respectively in polar coérdinates, after 
some simplifications, 


1 1 
F, = 3w°(r2? cos? g2 — To" cos?) + a(= - =) 
1 1 sin’ g. sin? e) ™ 
+0(3—3))— a(S 2-28) wo, 
h ; 
9) Gg, = OED 9 + cr — 5 sinter) | sin (or - #0) 


6 ' 
+ a [ro(1 + h) cos go — 72 COS go] Sin ge 


+ row*[ro(1 + h) sin go — 2 Sin ¢2] COs go = 0, 


from which r, and ¢2 can be determined. 
In order to solve (19) it is convenient to let 


(20) To =T(l+p), ¢2:=¢otes. 


Then it follows that F, and G, can be expanded as power series in p, a, and h 
of the form 
(21) F, - Sele, 0G, h) _ 0, G2 = g2(p, og, h) = 0. 


It is noted that f. does not involve h, g2 contains h linearly, and both f; 
and g2 converge for any finite values of ¢ and h provided | p| < 1. 

Both of equations (21) are satisfied by p=o=h=0. The con- 
dition that they shall be uniquely solvable for p and o as power series in h, 
vanishing for h = 0, is that the Jacobian of f. and g2 with respect to p and 
o shall be distinct from zero for p =o =h=0. It is found from (19) that 


Of, fe 
Op’ Oa | 2roa2, + 2r,?b. 
(22) J= eal : = 4r,?[(a,)? + ro?(b2)?], 
O92 O92 2r,7b., — 2r pa, 
Op’ da | 


which is distinct from zero because it is — ro? times the square of the 
acceleration of gravity at Po. Therefore the solution of (21) has the 
form 

(23) p = Bih + Bh? + ---, go=yh+ yh? + ---, 


which converge provided | h | is sufficiently small. 

In order to determine the coefficients of (23) it is necessary to have the 
explicit expansions of (21). On referring to (19) it is seen that these series 
have the form 
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F, = Dioop + boos + boop” + Diop + Bo200” +::-= 0, 
(24) G2 = Coop + Corot + Coorh + C2o0p? + Cir0pe 
+ Cyoiph + Co299? + Conch + +--+: = 0, 


where all terms which are not zero up to the second order in p, o, and h 
have been written. It is easily found from equations (19) that the explicit 
values of the coefficients of (24) are 


bioo = 2roa2, boro = 2ro°b2., 
a . 68 , 
beoo = arerw COs’ gp + ro + ro (1 — 3 sin’ $0); 
9 , 
bio = | - row + = sin 2¢o, 
0 
> , 3B 
boo = — [ artes + re COS 2¢0, 
C100 2ro7b., Coo = — 2rpa,, 


Coo1 


; 2 6 ; 
Cuo = — To*w(2 — 3 sin® go) — = - re (3 — 8 sin’ go), 


12 : 
C101 | art - = | sin 2¢0, 


i Beat } 2 a 
Co20 To SIN Z2¢o 
. 2 To° , 


a as a . 36 si 
Cou = — Tow sin? go + ro + ros (3 — 7 sin? ¢o). 


In order to obtain the meridional deviation it is sufficient to compute 
7: and y2, but in order to obtain y2 it is necessary to compute f;. It is 
found on substituting equations (23) in (24) and equating to zero the 
coefficients of corresponding powers of h, and then solving the resulting 
linear equations, that 
= 7o°(b2)? 
Bi = (a2)? + 162(b2)?? 
— 792d, 
(26) = (a9)? + 192(by)?? 


Dy - biooCo¥1 = (bi 00C200 _ C1000200) 81" 
= (b100C110 - C1000 110) B11 - (Di00Co20 na C1000020) ¥1"° = b100C10181, 
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where 
(27) D=-—- 4ro?[(a)? + ro2(bo)?]. 


These results substituted in (23) and (20) give the coérdinates of P, when 
V is a sum of zonal harmonics. 

6. Expressions for the Deviations. In case V is a sum of zonal har- 
monics \z is zero, and it follows from the second equation of (15) that the 
expression for the angular deviation in longitude is 


saad To 


1 | (a2)? + re2(bo)? e+ +>. 


(28) d 
The value of h, which is entirely arbitrary, can be taken so small that the 
sign of \ will be determined by the first term of this series. 

It follows from (7) and (2) that 


a —— 38 —_ 
az = —5—4+ drow cos? go — 55 (1 — 3 sin’ ¢o), 
, 38. 
bo = = jw’ sin 2¢o — 5-4SiN 2¢o. 
2ro 


The quantity a. is always negative for an actual physical body for other- 
wise there would be an acceleration outward along the radius at P)>®. In 
the case of the earth the first term of the expression for a2 is numerically 
about 300 times the coefficient of cos? ¢o in the second term, and about 
600 times the coefficient of (1 — 3 sin* go) in the third term. That is, 


(30) <= 300row* = 600 = 


0 0 
approximately. Consequently 


a. 


— 2 
lacie io To 


_— b, tan eo| 


(31) 3 
9 38 * 9 
= j0| 55 om +9, (1 — 5 sin’ eo) | 


is positive. Therefore the deviation is toward the eastward. Since b. 
is small compared to a,, an approximate expression for the easterly 
deviation, obtained by neglecting b. in the denominator of (28) and the 
terms in a, and c; which are multiplied by or 8, is 


i 
(32) Mo (Bet Sat 
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By making use of (23) and the explicit value of y; given in (26), the 
meridional deviation is found from (15) and (20) to be 


ab 
(33) se oS Oh + | (52), + arb, + ab, — x: |i + +: 


The first important fact to be noted is that the coefficient of h is identically 
zero. It follows from the first equation of (15) and from (29) and (30) 
that the numerator and denominator of the coefficient of h in the expression 
for ¢; are polynomials in w’ and 8, and that the quotient can be expanded 
as an infinite converging power series in w? and 8. Exactly the same is of 
course true for the coefficient of h in the expression for g.. The quantities 
¢1 and ¢g» are derived by quite different processes, the former involving the 
solution of differential equations and the latter only the solution of implicit 
functions. Hence it is clear that methods of approximation in carrying 
out these different processes are beset with danger because the effects upon 
the results are apt not to be the same in both. 

The coefficient of h? in (33) is exact, but in order to determine its sign 
all terms except those of lowest order in w* and 8 may be neglected. It 
follows from the numerical coefficients which are involved and the relations 
given in (30) that, at least for the earth, these simplifications can not 
change the sign of the result. It follows from (29) that a, is of order zero 
in w* and 8, and that b. is of order one in these same quantities. Then 
it is seen from (7) that b, and (0b2/dh)o are of order one in w and 8, though 
most of the terms in b, are of higher order. They are explicitly 


bo = — oy ( 4? + ) sin 2¢9 + terms of the second order, 
0 0 


(2), =-+ mae sin 2¢o. 
It follows from (14) that a; and a are of order zero in w’ and 8, and from 
the first two equations of (26) that 8, is of the second order and 7; is of the 
first order. 

Now consider y2. Since D is of order zero all the terms in the right 
member of the third equation of (26), except possibly the first, are of the 
second order at least. It is seen from the first and last equations of (25) 
that 109 and Co; are of order zero. Therefore the first term of 2 is of order 
one. 

On retaining only the terms of the first order in the coefficient of h? in 
(33), it is found that the approximate expression for the meridional devi- 


ation is 


(34) 
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lr, (5 - 
(35) er— er =| 52 (2 — dot) sin 260 +--+ [Rt 
For the earth 4° is more than five times as great as 58/ro°. Therefore the 
deviation of a body freely falling a small distance near the earth’s surface is 
equatorward for all latitudes between 0 and + 90°. 
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PROPERTIES OF CERTAIN HOMOGENEOUS LINEAR SUBSTITUTIONS. 







By Haro.tp HItrton. 





1. Professor Loewy has discussed* the properties of a homogeneous 
linear substitution A 








x, = AX, + AL. + +++ + Aimlm (t -_ 1, 2, nes m), 





which has as an invariant t 


Di eeeDeE, = WE, + LoFo + +++ + Lake — TegiFep1 — +++ — ImEm; 
t 





where z, denote conjugate complex quantities, and ¢;; = 1 when 2, j 
are both > k or both < k, and ¢;; = — 1 when one of 7 andj is > k and 
the other is < k(m>k> 0). 

I shall call the substitution A quasi-unitary in this case (“ unitary ’’ 
if k = m). 

If A, instead of being quasi-unitary, satisfies the conditions a;; = €;;4;; 
A will be called quasi-Hermitian (‘‘ Hermitian” if k = m). For instance, 
the substitution with matrix __  E 












T 











-q -7T 8 












———— 





is quasi-Hermitian, if a, b, c, s are real (k = 3, m = 4). 

The main interest of a quasi-Hermitian substitution lies in the fact that 
it bears a relation to a quasi-unitary substitution similar to that borne by a 
symmetric substitution to an orthogonal substitution. For instance, a 
quasi-Hermitian substitution is transformed by a quasi-unitary substi- 
tution into a quasi-Hermitian substitution, just as a symmetric substi- 
tution is transformed by an orthogonal substitution into a symmetric sub- 
stitution;t and similar relations are developed in §§ 4 and 5. 

But a quasi-Hermitian substitution has also properties analogous to 
important properties of a quasi-unitary substitution, as proved in §§ 2 
and 3. 


* Math. Annalen, 50 (1898), pp. 563, 564. 
+ Proc. London Math. Soc., 2, X (1911)., p. 274. 
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2. Professor Loewy (loc. cit.) has pointed out that those invariant- 
factors (elementartheiler) of a quasi-unitary substitution, which are not of 
the form (A — a)* where aa = 1, can be grouped into pairs of the type 
(\ — a)*, (A — a)? where aa + 1.* We have similarly:—Those in- 
variant-factors of a quasi-Hermitian substitution which are not of the form 
(\ — a)* where a is real, can be grouped into pairs of the type (A — a)*, 
(A — a)’. 

For suppose that A is the quasi-Hermitian substitution 


te! = Ant, + Ant, + +++ + Aimtm (t = 1, 2, ---, m), 


transformed by P-! into the canonical substitution N; so that PNP = A. 
By a “ canonical substitution ”’ we mean a substitution of the type 


z,' = Ade + Bi41 (t = 1, 2, a) m), 


where 8; is 0 or 1, and is certainly 0 if A, + Avi. It is well known that 
every substitution is transformable into such a canonical substitution. 
Suppose that C is the Hermitian substitution 


Le! = Cyt, + Col. + +++ + Cimtm (t = 1, 2, ---, m), 
where 


C5; = Ci = 2d €1kDeiptj- 
Then we have (Proc. London Math. Soc., 2, X (1912), p. 282) 
ACiy + Bi-s¢i-1 5 = Ci; + Bj-1€; 5-1. 


From this it follows, as in Mess. Math. (1912), p. 148, that, if d; + h,;, 
then c;; = 0; but that if \; = d;, then 


C1;2=0 when 6:;-;=1 and §;-; = 0, 
C;j-1 = 0 when £#;-1=0 and §;-; = 1, 
Ci-1j; = Cij-1 When 8-,;=1 and £,-; = 1. 
For example, if N is 
y= 0%; +22, to’ =~ at, +43, 13’ = ats; By! = ale + Zs, 
Zs = als; Lo =ate +2, 27 = Qt7; Ls = ads, 


where a is real, C has a matrix of the type 





* See also Proc. London Math. Soc., 2, XI (1912), p. 97. 
t See, for instance, Mess. Math. (1909), p. 24. 
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00a00 0 0 0} 
0Oaboddofo 
abedefgh 
00d0i%0k O 
0Odéigjgktl™m’ 
00 f OF On O 
Of gktnpgq 
00h OmO0 Gr 


a, b, c, i, J, n, p, r being real; 
or again if N is 






Zi) =arm+22, 22! = ats; 23’ = 7 


, 


Ye = 0%, +24;, Ls’ = ats; Te = ats 






c has a matrix of the type 







b 


d 


From these examples the general form of C is clear. 
Now 2c;;2,2; is what > °¢:,.2,¢, becomes when A is transformed into N; 
t 





bes] 








and therefore the matrix of C considered as a determinant does not vanish. 
But this is readily seen to be impossible unless the complex invariant- 
factors of C are paired as stated in the above theorem. 

3. The quasi-Hermitian substitution A when transformed into canonical 
form N becomes the direct product of substitutions of the form 


ty = atti, ++, ten =~atitt, @ = =| 


yi’ - ay + Y2, ida Bink = aYs—1 + Ysy Ys’ _ aYs 


















where a is not real, and of substitutions of the form 






, 
xy’ = ar, + V2, °%%y Lent” = AXs-1 + Ls, Ls = AXs 





where a is real. 
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Then we can choose the new variables z, y, X so that A becomes N and 
>" €:.2:Z, becomes the sum of functions of the type 
t 


F (aris + E1Ys) + (L2he—1 + Foyer) + ee + (tei + EsY1) 
an 

* (XiX, + X.Xi-1 +e) + XN. + XX) 
respectively. 

The proof of this statement is suppressed, since it is exactly similar to 
the proof of a similar theorem for symmetric substitutions published 
elsewhere.* 

As in Proce. London Math. Soc., 2, XI (1911), pp. 98-100, we can show 
that when 


(2igs + Frys) + (Gar + F2ys—1) + +++ + Bafa + ZY) 
is reduced by change of variables to the form 
E2121 = 2022 © 2323 = --- 
there are s positive and s negative signs; while when 
XiX,+ XX +--+ + XX 


is reduced to this form, the number of negative and the number of positive 
signs are equal when s is even, and differ by unity when s is odd. It follows 
that a series of properties of quasi-unitary substitutions established by 
Loewy (Math. Annalen, 50 (1898), pp. 563, 564), are also properties of a 
quasi-Hermitian substitution. For instance:—‘‘ The unreal characteristic- 
roots of the quasi-Hermitian substitution A are not more than 2k’ in 
number; k’ being the smaller of the quantities k and m —k. If exactly 
m — 2k’ characteristic-roots are real, they correspond to linear invariant- 
factors.” 

“A cannot have more than k’ invariant-factors which are not linear. 
If A has exactly k’ such invariant-factors they are all of degree 2 or 3. 
If they are all of degree 3, every characteristic-root of A is real.” 

4. A relation between quasi-Hermitian and quasi-unitary substitutions 
similar to that between symmetric and orthogonal substitutions, and proved 
in the same way, is the following:— 

All quasi-Hermitian substitutions with given invariant-factors can be 
transformed by a quasi-unitary substitution into the same quasi-Hermitian 
substitution which is the direct product of substitutions each of which has 
a single invariant-factor (\ — a)* where a is real, or a pair of invariant- 


* Proc. London Math. Soc., 2, XII (1913), p. 94. 
t Mess. Math. (1912), p. 146; Bécher’s Higher Algebra, p. 302. 
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factors (A — a)*, (A —a@)*. Similarly for quasi-unitary substitutions trans- 
formed by quasi-unitary substitutions. 







Example:—Find a quasi-Hermitian substitution with invariant-factors 


(A — @)*. 










(A — a)’, 





Since 
Tide + L2Xs + Toke + Tt, = (Z + 4rs)(Zi + 4Zs) + (ze + 42s)(Ee + 47) 

— (x2 — 423)(Z2 — 423) — (t1 — 424)(% — 4%) 
the required substitution is F~-'NF, where N is the canonical substitution 














zi’ =ar; + 22, Zo! = a2} Zs = ar3 +L, Zi = ax, 





and F is 





zi’ = 2, + 4x4, Zo’ = 22 + 423, Zs’ = 22 — 42, zy = 2 — 424. 






A similar process will find a quasi-Hermitian or symmetric substitution with any assigned in- 
variant-factors. 







5. If we are given any substitution A, there are substitutions permutable 
with A k-ply infinite in number, where k is known when the invariant- 
factors of A are given.* The problem suggests itself:—‘‘To determine k 
if the substitutions permutable with A are limited in any way; if, for in- 
stance, they are orthogonal.” 

This problem can be solved in special cases. We have, for instance, the 
results :— 

If a symmetric substitution A has a invariant-factors (\ — \1)%, B in- 
variant-factors (\ — d,)°, y invariant-factors (\ — \1)*, «++, where 











a>b>c>-:--, 









the orthogonal substitutions permutable with A are 
Zh {ala — 1)a + B(38 — 1)b + y(5y — Le + 6(75 — 1)d + ---}-ply 


| 
infinite in number; the summation being extended over each distinct character- ! 
istic-root of A. : 
If a quasi-Hermitian substitution A has p invariant-factors (\ — »,)’ 
and (X — 4)’, o invariant-factors (\ — dx)* and (A — \x)*, 7 tnvariant-factors 
(A — Ax)¢ and (X— Aj), --:, (7 > 8 >t > ---), and a@ invariant-factors 
(X — Xo)*, B invariant factors (AX — Xo)*, y invariant-factors (AX — Xo)*, «°°, 
(a>b>c> ---), where dois real, the quasi-unitary substitutions permutable 
with A are 


{2 [o'r + o(2p + o)s + 7(2p + 20 + r)t +--+] 
+ D3a(a — 1)a + B(38 — 1)b + y(S5y — 1c + ---]}-ply 


* Mess. Math. (1911), p. 112. 
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Then we can choose the new variables z, y, X so that A becomes N and 
>> 61.2.2, becomes the sum of functions of the type 
t 


F (rips + E1ys) + (LoHs—1 + FoYe-1) + ++ + (BiH + EsY1) 
an 

+ (XiX, + XoXe1 +e) + XX. + XM) 
respectively. 

The proof of this statement is suppressed, since it is exactly similar to 
the proof of a similar theorem for symmetric substitutions published 
elsewhere.* 

As in Proc. London Math. Soc., 2, XI (1911), pp. 98-100, we can show 
that when 


(Life + Frys) + (Loa + Foyer) +--+ + (BH + Fy) 
is reduced by change of variables to the form 
= 212, + 2922 © 2323 = + 
there are s positive and s negative signs; while when 
XiX,+ XX +--+ + XM 


is reduced to this form, the number of negative and the number of positive 
signs are equal when s is even, and differ by unity when s is odd. It follows 
that a series of properties of quasi-unitary substitutions established by 
Loewy (Math. Annalen, 50 (1898), pp. 563, 564), are also properties of a 
quasi-Hermitian substitution. For instance:—“ The unreal characteristic- 
roots of the quasi-Hermitian substitution A are not more than 2k’ in 
number; k’ being the smaller of the quantities k and m —k. If exactly 
m — 2k’ characteristic-roots are real, they correspond to linear invariant- 
factors.”’ , 

“A cannot have more than k’ invariant-factors which are not linear. 
If A has exactly k’ such invariant-factors they are all of degree 2 or 3. 
If they are all of degree 3, every characteristic-root of A is real.” 

4. A relation between quasi-Hermitian and quasi-unitary substitutions 
similar to that between symmetric and orthogonal substitutions, and proved 
in the same way,f is the following:— 

All quasi-Hermitian substitutions with given invariant-factors can be 
transformed by a quasi-unitary substitution into the same quasi-Hermitian 
substitution which is the direct product of substitutions each of which has 
a single invariant-factor (\ — a)* where a is real, or a pair of invariant- 


* Proc, London Math. Soc., 2, XII (1913), p. 94. 
t Mess. Math. (1912), p. 146; Bécher’s Higher Algebra, p. 302. 
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factors (A — a)*, (A—a)*. Similarly for quasi-unitary substitutions trans- 
formed by quasi-unitary substitutions. 






Example:—Find a quasi-Hermitian substitution with invariant-factors 


(A — a). 





(A — a)’, 






Since 
Zide + Lats + Tala + Tks = (XZ + 4x4) (Zi + 4s) + (ze + 423) (Ze + 42) 
— (Z2 — 423)(Z2 — 4%s) — (a — 424) — 4%) 


the required substitution is F-'NF, where N is the canonical substitution 
















zi’ = at; + 22, Z’ = atx, 086s’ = OE + MH, zy = ax, 





and F is 





zy =z, + 424, Zo’ = 22 + 423, Za’ = 22 — fra, x = 2 — 4x. 





A similar process will find a quasi-Hermitian or symmetric substitution with any assigned in- 
variant-factors. 







5. If we are given any substitution A, there are substitutions permutable 
with A k-ply infinite in number, where k is known when the invariant- 
factors of A are given.* The problem suggests itself:—“‘To determine k 
if the substitutions permutable with A are limited in any way; if, for in- 
stance, they are orthogonal.”’ 

This problem can be solved in special cases. We have, for instance, the 
results :— 

If a symmetric substitution A has a invariant-factors (\ — \1)%, B in- 
variant-factors (\ — ;)°, y invariant-factors (\ — 1)‘, «++, where 











Tiss a 

















= 


a>b>c>-::-, 
the orthogonal substitutions permutable with A are 
D}{a(a — 1)a + B(38 — 1)b + y(5y — 1c + 4(75 — 1d + ---}-ply 


infinite in number; the summation being extended over each distinct character- 
istic-root of A. 

If a quasi-Hermitian substitution A has p invariant-factors (\ — 1)" 
and (\ — ),)", o invariant-factors (\ — d1)* and (A — Ax)*, 7 invariant-factors 
(\— d,)* and (A— 3), «+, (7 > 8 >t>---), and a invariant-factors 
(A — Xo)*, B invariant factors (\ — Xo), y invariant-factors (AX — Xo), +*°, 
(a>b>c> ---), where Xo is real, the quasi-unitary substitutions permutable 
with A are 


{Z [pr + o(2p + o)s + r(2p + 20 + 7r)t + °°] 
+ Pala — 1)a + B38 — 1)b + yy — Ie + :: -}}-ply 








a ea A EEE I come wo 












* Mess. Math. (1911), p. 112. 
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infinite in number, the summations being extended over each pair of character- 
istic roots \; and d, of A and over each real characteristic-root Xo of A. 

I have obtained somewhat similar results for orthogonal substitutions 
permutable with a given orthogonal substitution, or quasi-unitary with 
quasi-unitary, in special cases; but the general result appears to be very 
complex. 

The method of proof will be evident if we consider a particular example. 
Suppose, for instance, that the symmetric substitution A has invariant- 
factors (\ — a)*, (A — a)*, (A — a)’. It is required to prove that the 
orthogonal substitutions permutable with A are }.3.2.s-ply infinite in 
number. 

Suppose that A, when transformed into canonical form N = PAP™', 
becomes 


MH! =amyt+arm, <+:', tea =~aGitd7,, XZ, = ak, 
, 
&) = af; + &:, coe, Fey! = aby + &,, t,’ = aé, | 
XxX,’ = aX,+ X,, th } —_ aX,-,; + X,, xX,’ = aX, 


Then if P is chosen properly, 
ty + 2? +2 + --- 


becomes 
g1(z, 2) + olf, —) + oi(X, X)* 
where 
gi(z, y) = ry. + LoYe—1 + L3Ye-2 +o + + Ls-2Ys + Ve—-1Y2 + VY 
¢2(z, y) = LYe tL3Ye-r.t +> +WiY3s tLe Yr 
¢3(2, y) = U3Ys + ia + Ze, Y3 : r 
¢o(Z, y) = LY en 





Since if BA = AB, 
PBP— . PAP = PAP“ . PBP-"; 


the number of substitutions permutable with A is the same as the number 
permutable with N. It therefore suffices to prove that the substitutions 


permutable with N and having ¢i(z, x) + o:(t, £) + 9:(X, X) as an in- 
variant are }.3.2.s-ply infinite in number. 








* Proc. London Math. Soc., 2, XII (1913), p. 94. 
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Now the most general substitutions permutable with N will be 
Er = Airy + Ary wrLe HF ir s—2%3 + +++ + Ais + Arab + Are sike ) 
+ Giz s2E3 + +++ H Areigs + GiszeX1 + Giz 1X2 + 13 2X3 
+ sss + 131X, 
Lo! = ArreX2 + Air 1X3 + +++ + Ait, + ross + Giz its + <-> 
+ Gi22é, + Q13.X2 + Giz 1X3 + +++ + A132X, 


Xs) = Ayrsh3 t+ +++ $1i3Xy + Giosés + +++ + Ayosts + izeX3 + +++ + i33X, f. 


a = As + Qyosks + QizsX 5, 
, , 
Ey = AayyXy + +++ + a2, + dooghs + +++ + dooik’s + Ao3sX1 + +++ +031X— 





Xi! = Qgu%1 + +++ + 3%, + Azoeb1 + +++ + Az21€ + A33sX1 + +++ + aang 


Operating with this on ¢;(z, x) + gi(t, £) + ¢:(X, X) we get* 
>> [¢e(Qe1, Aer) - Gil, Z) + ge(Gi2, An) + GilE, T) + G(Ars, Qn) - oi(X, z) 
+ ¢4(Ge1, Ato) ¢i(%, &) + G(r, Giz) - Gil—, —) + Ge(Gts, Are) - oi(X, &) 
+ ¢s(Qe1, Ge3) + gilt, X) + ge(Gr2, #3) + oi(E, X) + Gs(Ges, Aes) - oi(X, X) ] 
+ [¢.-1(n1, 11) -g(a,r)+-- | + [¢s—2(an, 11) - ¢3(2, 2) +-:- ]+ see} 
(¢ = I, 2, 3). 
This must reduce to ¢:(z, x) + gi(, &) + o:(X, X). 

Let A,, A,-1, As—2, --- be the matrices whose general elements are 
respectively aj; 5, @ij »-1, @ij s-2, «++ (tJ = 1, 2, 3). 

Then we have in turn A,A,’ = 1, A,A.1’ + As1A,’ = 0, AsAs_2’ 
+ Ay1As1’ + A,-2A,’ = 0, 

Hence firstly, A is orthogonal so that the quantities a,;, are functions 
of 3.3.2 independent quantities. 

Then, when the quantities a;;, are fixed, the quantities a,; ,: are func- 
tions of 3.3.2 independent quantities, since A,A,_1’ + As-1A,.’ = 0. 

In fact, given any non-singular matrix A of degree m, we can always find a matrix B of 
degree m, such that AB’ + BA’ is a given symmetric matrix S, in a $m(m — 1)-ply infinite number 
of ways. For take P any matrix whose elements 7; are arbitrary if 7 > 7, and whose elements pj; 
are given by S = P + P’ wheniSj. Then we may suppose AB’ = P, BA’ = P’; which gives 
B in terms of the 4m(m — 1) arbitrary quantities p;; (7 > 7). 

Then when the quantities a,j, ai; .-1 are fixed, the quantities aj; .2 
are functions of 4.3.2 independent quantities, since A,A,—2’ + As—1A.-1’ 
+ A,.A,’ = 0. Continuing this process, we see that the required substi- 
tutions permutable with N are }4.3.2.s-ply infinite in number. 


~~ * Proc. London Math, Soc., 2, XII (1913), p. 96 
t Cayley, Crelle, XXXII (1846), p. 119, Collected Works, I, p. 332. 
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